On Some Representations of Voigt Functions by Singh, Dinesh
ON SOME REPRESENTATIONS OF 
VOIGT FUNCTIONS 
ABSTRACT 
THESIS SUBMITTED FOR THE AWARD OF THE DEGREE OF 
Boctor of Itytlosop})? 
IN 
APPLIED MATHEMATICS 
. 
UNDER THE SUPERVISION OF 
S§fr cYYUrfumwuid/ %amaM4jj4Mna/ 
DEPARTMENT OF APPLIED MATHEMATICS 
FACULTY OF ENGINEERING 
Z.H. COLLEGE OF ENGINEERING & TECHNOLOGY 
ALIGARH MUSLIM UNIVERSITY 
ALIGARH (INDIA) 
2004 
- « J i 
fed fa 
'
QB
*«K» 
^ 
* 
ABSTRACT 
At the present time, it would be difficult to find any area of 
Applied mathematics, Physics, Statistics and various branches of 
science and technology is which one would not encounter special 
functions mathematical physics and theory of Intergral Transforms. 
The main purpose of the present thesis is to develop distinct 
integral representations and explicit expressions or expansions of 
generalized Voigt functions involving classical functions of 
mathematical physics and multi-variable hypergeometric functions 
which are mainly based on the theory of integral transforms. 
Many specific physical problems are related to Bessel functions 
in one way or other way (See Navelet [18]). Drouffee and Navelet [3]) 
have been led to consider the integral representation corresponding to 
the absorption related to Bessel functions. Taking into account that 
Voigt functions K (x, y) and L (x, y) play an important role in diverse 
field of physics such as astroiphysical spectroscopy and theory of 
neutron reactions, such functions attract not only physicists but also 
mathematicians as is made clear in recent work of Srivastava and 
Miller [25], Fettis [8], Fried and Conte [9], Exton [6], Siddiqui [23], 
Klusch [17], Srivastava, Pathan and Kamarujjama [26], Kamarujjama 
[13] and Pathan, Kamarujjama & Khursheed Alam [20] etc. 
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Because of growing importance of generating functions, special 
attention is also given to develop the theory of generating functions of 
special functions, which are partly bilateral and partly unilateral and 
their applications. Such type of generating functions can be obtained 
by series manipulations and integral transforms techniques. On these 
lines, much work has been done bhy several authors e.g. Exton [6], 
Pathan and Yasmeen [21], Srivastava, Pathan and Kamarujjama [26], 
Pathan and Kamarujjama [19]. The Laurent expansions of special 
functions and mixed generating functions occur frequently in quantum 
mechanics (see Schiff [22], Exton [7], Andrews [1] Srivastava & 
Monocha [24], Erdelyi [4] and Brychkov, Glaeske, Prudnikov and 
Taun [2]. 
The present thesis comprises six chapter which are given below: 
Chapter-1: Introduction, Definitions and Notations. 
Chapter-2: A Set Presentations of Voigt Functions and their 
Unification. 
Chapter-3: Generalization of Voigt Functions in Terms of Hyper 
Bessel Function. 
Chapter-4: Further Generalization of Unified Voigt functions. 
Chapter-5: Multiindices and Multivariables Presentation of the Voigt 
Functions. 
Chapter-6: On Certain Integral Transforms 
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Chapter-1 aims at presenting introduction of several type of special 
functions which occur rather more frequently in the study of integral 
representations of Voigt functions 
Chapter-2 provides us some representations and Unification of Voigt 
functions K (x,y) and L (x, y) which play an important role in diverse 
field of physics such as astrophysical spectroscopy, emission, 
absorption and transfer of radiation in heated atmosphere and theory of 
heutron reactions. We have derived several representation of these 
functions in terms of series and integrals which are specially useful in 
situations where the parameter and variables take on particular values. 
Furthermore, the function K (x, y) + i L (x,y), is except for a 
numerical factor, identical to the so-called 'Plasma dispersion 
function' which is tabulated by Fried and Conte [9] and Fettis et al. 
[8]. 
Further, we derive a set of unified representations of the Voigt 
functions in term of familiar special functions of Mathematical 
physics, which give us an opportunity to under line the special role of 
the associated generating functions and expansions. 
In Chapter-3, we are presenting a set of new results concerning the 
analysis of Voigt functions. A set of multiple series expansions of the 
generalized Voigt functions are also established by means of 
generating functions of Hyper-Bessel function. Further we derive a 
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new unified study on multiindices representation of unified Voigt 
functions in terms of generalized Lauricella function. Party bilateral 
and party unilateral representations of these functions are established 
and some special cases of these results are also considered. 
In the chapter 4 we are presenting a new unified study multiindices 
representation of unified Voigt function in terms of parabolic Cylinder 
function. Generating relation of ^ " I ^ p f i ^
 Vn(x, y,z) are 
considered with help of a well known result [ 14; p. 107 (2.1)]. Some 
recurrence relations of the Unified Voigt functions are also considered. 
Chapter-5, aims at presenting multiindices and multivariable 
representation of the Voigt functions. Some representations and series 
expansion including multidimensional classical polynomials (Laguerre 
and Hermite) of Mathematical Physics are established. Further we are 
presenting multiindices unified Voigt function express in terms of 
multivariables H-function. Next, Section gives the presentation of 
H,vj v n , v 
1 
x n > x n ~ »y»z 
IK*.) 
i = l 
by means of a multiple 
generating relation involving a product of Bessel's functions. 
In the last chapter we establish two integral transforms for a 
Lauricella function of multivariables. A number of know and new 
integrals in terms of Srivastava F(3). Humbert's Confluent 
hypergeometric function \|/2(nV Whittaker function 
M, (x,, x ) and unified Voigt functions are obtained as 
special cases. 
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PREFACE 
Voigt functions K(x,y) and L (x,y) play an important role in 
several diverse field of physics such as astrophysical spectroscopy, 
emission, absorption and the theory of neutron reactions, such 
functions attract not only physicist but also mathematicians as is 
made clear in recent work of Exton [22], Srivastava and Miller [87] 
Klusch [47], Siddique [72], Srivastava, Pathan and Kamarujjama [91], 
Gupta Goyal and Mukerjee [30], Kamarujjama [37] and Pathan, 
Kamarujjama and Khursheed Alam [61]etc. 
In many given physical problems, a numerical and analytical 
evaluation of Voigt functions is required. For an excellent review of 
various mathematical prosperities and computational method 
concerning the Voigt functions, see for example; Armstrong and 
Nichols [5], Fetties [24] and Houbold and John [31] etc. Furthermore, 
the function. 
K (x, y) + i L (x, y) 
is except for a numerical factor, identical to the so called "Plasma 
dispersion function" which is tabulated by Fried and Conte [27] and 
Fetties et al [25]. 
The present thesis comprises of six chapters. Each chapter is 
divided into a number of sections. Definitions and equations have 
(i) 
been numbered chapter wise. The section number is followed by 
number of equation e.g. (3.2.1) refers to equation number 1 of section 
3.2 of chapter-3. 
A brief review of some important special functions, some 
integral transformations, the definitions and notations which 
commonly arise in practices is presented in chapter-1. This chapter is 
also intended to make the thesis self contained as much as possible. 
In the chapter-2, we derive a set of unified representation of the 
Voigt functions in term of familiar special functions of mathematical 
physics, which give us an opportunity to under line the special role of 
the associated generating functions and expansions. 
In Chapter-3, we are presenting a set of new results concerning 
the analysis of Voigt functions. A set of multiple series expansions of 
the generalized Voigt functions are also established by means of 
generating functions of Hyper-Bessel function. Further we derive a 
new unified study on Multiindices representation of unified Voigt 
functions defined through generalized Lauricella function. Party 
bilateral and party unilateral representation of these function are 
established and some special cases of these results are also 
considered. 
In the chapter 4 we are presenting a new unified study 
multiindices representation of unified Voigt function in terms of 
(ii) 
parabolic Cylinder function. Generating relation of 
«1. a n . a 
Pi •
 a
p"'pfi IV v (x, y, z) are considered with help of a well known 
result [41; p. 107 (2.1)]. Some recurrence relations of the Unified 
Voigt functions are also considered. 
Chapter-5, aims at presenting multiindices and multivariable 
representation of the Voigt functions. Some representations and series 
expansion including multidimensional classical polynomials 
(Laguerre and Hermite) of Mathematical Physics are established. 
Further are presenting multiindices unified Voigt function express in 
terms of multivariables H-function. Next, Section giver the 
presentation of 
Q H,vl v n , v X 1 J ' X n „ •,y,z 
noo 
i=l 
by means of a multiple 
generating relation involving a product of Bessel's functions. 
In the last chapter we establish two integral transforms for a 
Lauricella function of multivariables. A number of know and new 
integrals in terms of Srivastava F(3). Humbert's Confluent 
hypergeometric function i|/2(n), Whittaker function 
Mk ^ ^ (Xj, xn) and unified Voigt functions are obtained as 
special cases. 
(iii) 
Our work has been accepted/communicated for publication. A list of 
papers is given below: 
1. Kamarujjama, M. and Singh, D., Some Representations of 
Unified Voigt Functions. Acta. Math. Sinica (English Series), 
15(1) (1999), 1-11. 
2. Kamarujjama, M., Khursheed Alam and Singh, D.; New Results 
Concerning the Analysis of Voigt Functions. South East Asain 
J. Math & Math. Sc. Accepted. 
3. Kamarujjama, M. and Singh D., On Certain Integral Transforms 
Associated with Lauricella Functiuon, Proc. Int. Conf, SSFA, 
(2004) India. Accepted. 
4. Kamarujjama, M. and Singh D., Some Representation on 
Multiindices Unified Voigt Function. Communicated. 
5. Kamarujjama, M. and Singh D., Some Results on 
Multidimensional Voigt Functions, Communicated. 
6. Kamarujjama, M. and Singh D., On Recurrence Relations of 
Unified Voigt Functions, Communicated. 
7. Kamarujjama, M. and Singh D., On Generalization of Unified 
Voigt functions, Communicated. 
(iv) 

INTRODUCTION, DEFINITIONS AND 
NOTATIONS 
1.0. Introduction 
A wide range of problems exist in classical and quantum physics, engineering and 
applied mathematics in which special functions arise. Special functions are solutions 
of a wide class of mathematically and physically relevant functional equations. 
Each special function can be defined in a variety of ways and different researchers 
may choose different definitions (Rodrigous formulas, generating functions, contour 
integral). At the present time, applied mathematics, physics, and various branch of 
science and technology involves generating function of special functions and theory of 
integral transforms. 
The aim of the present chapter is to introduce several class of special functions 
which occur rather more frequently in the study of generating functions and transfor-
mations. 
1.1. The Gamma Function and Related Functions 
The Gamma function has several equivalent definitions, most of which are due to 
Euler, 
/•OO 
T{z) = I f^e-* dt, Re{z) > 0 (1.1.1) 
upon integrating by part, equation (1.1.1) yields the recurrence relation 
T(z+1) = zT{z). (1.1.2) 
The relation (1.1.2) yields the useful result 
r ( n + l ) ) = n\, n = 0,1, 2, • • • 
which shows that gamma function is the generalization of factorial function 
The Be ta function 
We define the beta function B(p,q) by 
B(p,q) = I .Tp-1(l-.r)9~1d.r, Re(p) > 0, Re{q) > 0 (1.1.3) 
./o 
Gamma function and Beta function are related by the following relation 
B(P,q) = ^ 7 ^ y > P , ^ 0 , - l , - 2 , - - - (1.1.4) 
The Pochhammer symbol 
The Pochhammer symbol (A)n is defined by 
( A ) " = ( A(A + l)---(A + n - l ) \ if 77, = 1,2,3, ••• ( L L 5 ) 
In terms of Gamma function, we have 
(A)„ = ^ p A ^ 0 , - 1 , - 2 , - • • (1.1.6) 
(A)m(A + m)n (1.1.7) 
(A)-n = ( i , 1 ^ ' ™= 1,2,3,.-. , A ^ 0 , ± l , ± 2 , (1.1.8) 
(—l)m(\) 
(A)„_m = T T — r ~ ^ T - ' 0 < m < n . (1.1.9) 
^l — A — n j m 
For A = 1, equation (1.1.9) reduces to 
f-lV"??1 
(U - 777,)! = \ \ ' , 0 < 777, < 77,. (1.1.10) 
(-"•)m 
Another useful relation of Poclihamer symbol (A)„, is included in Gauss's multi-
plication theorem: 
(AW = (m)mnfl(X + J X) , n = 0,1,2,--- (1.1.11) 
where m is positive integer. 
For m = 2 the equation (1.1.11) reduces to Legender's duplication formula 
(A)2n = 2 2 " Q ) ^ + ±) , n = 0 l l , 2 > . . - (1.1.12) 
In particular, we have 
(2n)! = 22n(\) 77,! and (2?7,+ 1)! - 22n (?) n\ (1.1.13) 
The Error Function 
The error function erf(z) is defined for any complex z by 
2 
erf(z) = -^= / exp(~t2)dt (1.1.14) 
A/TT JO 
and its complement by 
2 /-°° 
erfc(z) = l - e r f ( z ) = — / exp{-t2) dt. (1.1.15) 
V 7T ./z 
Note that 
erf(0) = 0 , erfc(0) = 1 
erf(oo) = 1 , erfc(oo) = 0 ;i.i.i6) 
1.2. Gaussian Hypergeometric Function and Generalization 
The second order linear differential equation 
z{\ - z)-— + [c - (a + b + l)z] — ~ abw = ° (1.2.1) 
has a solution 
w = E (o)n(b)n z
n 
where a, b, c are parameters independent of z for c neither zero nor a negative integer 
and is denoted by
 2Fi(a,b; c; z) i.e. 
(tt)n(fr)n Zn 
n=0 ( C ) " n ! ' 
2-Fi(a,6; c; z) = £ ;i.2.2) 
which is known as hypergeometric function. The special case a = c, b = 1 or b = c, 
oo n 
a = 1 yields the elementary geometric series ^ —-, hence the term hypergeometric. 
n=0 n\ 
If either of the parameter a or 6 is negative integer, then in this case, equation 
(1.2.2.) reduces to hypergeometric polynomials. 
Generalized Hypergeometric Function 
The hypergeometric function defined in equation (1.2.2) can be generalized in an 
obvious way. 
p 
ai, a2, • • •, OLP ; 
/ ? ! , & , • • • , # 1 ' 
y ^ (ttl)n • • • {aP)n Zn 
=
 pFq(ai, • • • ap; /? i , • • • # , ; z), (1.2.3) 
where p, q are positive integer or zero. The numerator parameter cti, • • • ap and the 
denominator parameter /?i, • • •/3g take on complex values, provided that 
0j ^ 0 , - 1 , - 2 , . 1.2,---,g 
4 
Convergence of
 pFq 
The series
 pFq 
(i) converges for all | z |< co if p < q 
(ii) converges for | z | < 1 if p = q + 1 and 
(iii) diverges for all z, z ^ 0 if p > q + 1 
Further more if we set 
u, = Re ( £ & - ! > , ] >0> 
the
 pFq series with p = q + 1 is 
(i) Absolutely convergent for | z |= 1 if Re (a;) > 0 
(ii) Conditionally convergent for | z |= 1, z ^ 1 if —1 < Re(o>) < 0 
(iii) Divergent for | z |= 1 if Re(cu) < — 1. 
An important special case when p = q = 1, the equation (1.2.3) reduces to the 
confluent hypergeometric series ii<\ named as Kummers series [48], (see also Slater 
[74]) and is given by 
Whenp = 2, g = 1, equation (1.2.3) reduces to ordinary hypergeometirc function 
2^1 of second order given by (1.2.2). 
5 
1.3. Hypergeometric Function of Two and Several Variables 
Appell Function 
In 1880, Appell [4] introduced four hypergeometric series which are generalization 
of Gauss hypergeometric function 2-f\ and are given below: 
F1[a,b,b] c; x,y] = ^ — — (1.3.1) 
m,n=0 [C)m+n ™->- ™ 
(max{|.r |,|y |}< 1) 
F2[ f l
'
M
' '
 C
'
C;
 ^
 =
 , £ o (c)m(^)» ^ (L3-2) 
( | x | + | i / | ) < l 
F 3 [a ,a,b ,b;c;x ,y] = ^ - r - j - (1.3.3) 
m,n=0 l c V + n "7,! J?,! 
(max{| .7: I, I y |} < 1) 
Fi[aM c c , x, ,] = m E o ( c ) m ( c , ) r i ^ (1-3.4) 
(\/M + \/ii]<i). 
The standard work on the theory of Appell series is the monogrph by Appell and 
Kampe de Feriet [3]. See also Bailey [6; Ch(9], Slater [74; Ch(8] and Exton [23: 
p.23(28)] for a review of the subsequent work. 
Humbert Function 
In 1920, Humbert [32] has studies seven confluent form of the four Appell func-
tions and denoted by $u $2 , $3 , \I'i, # i , EUE2 four of them are given below (see, 
[86]): 
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$i[a,/?; 7; x,y] = E 
(a)m+n(/?)m A " 
m,n=0 V ' M + n (7)r 777,! 77,! 
$2[/?,/?'; 7; *,*/] = E 
*3[/?; 7; x,y] = E 
( | . x |< l , | 7y |<oo) 
(/?U/?')n ttmyn 
^ 0 (7 )m+n "»"!"•! ' 
(I a |< 00,1 y |<oo) 
(/?)«* xmyn 
^=0 {lU+n ml n\' 
(\x |< 00,1 7/ |< 00) 
*i[a,/?; 7,V; a;,?/] = E (a)m+n(0)m x
myn 
^2 [a; 7,7'; z,y] = E 
t=Q (7)m(Y)n W,!77,!: 
( | . T | < 1 , | 2 / | < O O ) 
(a ) m + n xmyn 
(\x \<oo,\y |< 00) 
Lauricella Function 
(1.3.5) 
;i.3.6) 
(1.3.7) 
;i.3.8) 
(1.3.9) 
In 1893, Lauricella [50] generalized the four Appell functions F i ,F 2 ,F 3 ,F 4 to 
functions of n variables defined and represented as 
?(.n) FX>, 61, • • •, 6„; ci, • • •, cn; xu---, x„] = F^Oi 
a : 61; •- -; 6„ ; 
xlr-- ,xn 
^ • ^1 ! ' ' ' 5 W ? i 
( a ) m 1 + - + m w ( & l ) m 1 - - - ( 6 n ) m „ • < ' ' ' " < ' ' " 
= ^ 
m i - m „ = 0 \ C l J" i l ' ' ' \Cn)mn 7774! • • • m n ! 
(| .xi | + - - - + | . r n | < 1), 
(1.3.10) 
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F{B [fli, • • •, On, k, • • •, 6„; c; .TI , • • •, .T„] = i^b;'".'; ,0:2;-;2 0
_ : a i , 6 i ; - - - ;o^ ,6„ ; 
• r i , - - - , . r , 
c : 
£ 
mj.---mn=0 mi! • • - r a j 
max{| xi ],-••,] r-n 1} < 1), 
a, 6 : ; • ••; _ ; 
fl.3.11) 
,(n) 2:0;-;0 r-i(T?) r 7 -1 T-,i;:U;---;l. 
^ C la> ^  C l> • ' - ' C«; - r l . ' ' ' ' Xn\ = ^0:1;-;1 Xi,---,Xn 
• W j * * * , L-77 
£ Wr7ii+-+mn(0l)mi+-+m„ -^l ' " - Xn 
m.i,m,2,---,m,n=0 (ci)mi •••(cn)mll m i ! - - - m n ! 
'1.3.12) 
, (n)r 
(> /K1+- - - + > / K 1 < 1 ) . 
a : 6 i ; - - - ; bn ; 
F ^ [ a , 6 ! , •••,&„; c; xu---,xv] = F$:;$ 
.xi , --- , . r r 
= £ 
mi,-mn=0 
(c)mi+...+mn 777,1! • • • m n ! 
(max{| xi | , - - - , | xn |} < 1), 
1.3.13) 
Clearly, we have 
.(2) _ ,(2) (2) P<2) 
and 
FX' = F2, n ; = *3, F%> = FA, F%> = F, 
Ei(D _ P(l) _
 FW _ P(l) _ P 
A summary of Lauricella's work is given by Appell and Kampe de Feriet [3]. (See 
also Carlson [10] and Carlitz and Srivastava [9]). 
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A unification of Lauricella 14 hypergeometric functions F\, • • •, Fu of three vari-
ables [50], and the additional functions HA,HB, HC [86] was introduced by Srivastava 
[77, p.428] who defined a general triple hypergeometric series Fm[x,y,z]: 
i?(3) 
(a) •.:(b);(b');(b");(cy,(c');(c") 
x, y, z 
(e) •••.(g);(g'y,(g");(h);(h')](h") • 
y * ( ( f l ) ) m + n + P ( ( 6 ) ) m + n ( ( 6 / ) ) n + P ( ( f c , / ) ) P + m ( ( c ) ) m ( ( ( / ) ) w ( ( c / / ) ) p X™ yn Z? 
«h=0 ( ( e ) ) « ^ n + P ( ( ^ ) ) m + « ( ( p ' ) W ( ( f f / 0 ) p + m ( ( / l ) ) m ( ( / l , ) ) n ( ( ^ " ) ) P ™.\ 77,! p\ ' 
( 1 .3 .14 ) 
with, as usual, (a) abraviates the array of v4-parameters 
(( \\ A / \ rr T(aJ + TO) 
3=1 3=1 L \aj) 
(1.3.15) 
Confluent form of Lauricella function 
$2 a n d ^2 a r e ^,wo important confluent forms of Lauricella functions are given 
by 
$2 [h, • • •, bn; c; xi, • • •, xn] = £ (6iU-(Mro„ -^r•••<" 
,,...^=0 (ci)m.1+...+m„ ml! • • • ra j 
;i.3.i6) 
and 
,(«) 
^2 K ci, • • •, cn; .xi, • • •, xn] = Yl \
a)m1+-+mn -7-1 3-n 
1 . . . m n = o ( C l ) m i - - - ( c n ) r n n ' " I ' - • m. 
(1.3.17) 
In terms of \t2 , the multivariable extension of Whittaker's MKtfJ,, functi 
defined by Humbert [32] in the following form: 
r-i 
ion was 
M C n • • • r 1 =
 r ^
+ 1 / 2 . . . / i„+i/2 
L 2 
-(.x-1 + - - -+ . r n ; 
» 
* 2 > i + • •' + /^, - K. + ra/2; 2//! + !,••• 2//n + 1; xu • • •, xn\. (1.3.18) 
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1.4 G and if-functions 
The G function is defined by 
nr(ft-()nr(i-aJ + () 
M
 ' - '
 2mh
 ft r ( i - ^ + o fl r (a , -o 
j = m + l j=7?.+ l 
(1.4.1) 
where z ^ 0, an empty product is interpreted as 1; m,,n,p,q are integers such that 
0 < 777, < q and 0 < ?7, < p; and the parameters ct's and /5's are so constrained that no 
pole of T(Pj — (), j — 1, • • •, m, coincides with any pole of T(l — a.j + (), j = 1, • • •, ?7,. 
The three different paths of L of integration in (1.4.1) are discussed, among others by 
Erdelyi et al. ([16], p.207). For example, L is a Mellin Barnes contour runs from —zoo 
to zoo with indentations, if necessary, so that all poles of T((3j — £), j = 1, • • •, 777, lie 
to the right of the contour, and all poles of T(l — atj + £), j = 1, • • •, 77,, lie to the left 
of the contour. The integral (1.4.1) converges in this case if 
A = 777, + ?7, - -(p + q) > 0 and | arg(z) |< ATT. (1.4.2) 
If I arg(z) |= A7r, ATT > 0, the integral (1.4.1) converges absolutely when p = q if 
Re (a;) < — 1; and when p ^ q, if with ( = f + 777, £ and 77 real, £ is so chosen that, for 
77 —• ± 0 0 , 
(q~p)^>l--(q-p) + Re(io), (1.4.3) 
where u> = Re ]T /?,• - ^ a,- > 0. 
The G-function is an analytic function of z with a branch point at the origin. It 
is symmetric in the parameters 
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Q:I, • • •, an : an+x, • • •, ap; ft, • • •, /?„,.; and ftn+i , - •• , /? , . 
The //-function is defined by 
/ 
rrm.n 
HP,1 
{ai, A->) • • • {ap, Ap) \ 
(f31,B1)---(Pq,Bq) ) 
27ri.lL ft
 T{1_Pj + Bj() ft Tiaj-AjQ 
j=m+l j=n+l 
(1.4.4) 
where L is a suitable contour of the Mellin-Barnes type separating the poles of 
Tift-BjO, j = l,---,m 
from those of 
T^l-aj + AjC), j = ! ,••- , : 
an empty product is interpreted as 1, the integers m,,n,p,q satisfy the inequalities 
0 < m < q and 0 < n < p 
the coefficients Ai, • • •, Av and Bx, • • •, Bq are positive real numbers, and the complex 
parameters a\, • • •, ap and ft, • • •, (3q are so constrained that no poles of the integrand 
coincide. If we set 
« = E 4 - E Aj + ^Bj- E B3 (1.4.5) 
j=l j=n+l j=l j=m.+l 
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then, for Q, > 0, the integral in (1.4.4) is absolutely convergent and defines the H 
function, which is analytic in the sector 
I arg(z) l< p^T 
the point z = 0 being tacitly excluded. 
The //-function makes sense also when either (see Brasksma (1964)) 
8 = Y^ Bj - Y^ Aj > 0 and 0 <| z |< oo. 
j=i j=i 
(1.4.6) 
It is easy to observe that the //-function would reduce to the G-function in the 
trivial cases when Aj = Bk — C, C > 0, j = 1, • • • ,p and k = 1, • • •, q, since the 
definitions (1.4.1) and (1.4.4) readily yield the relationship: 
TTm.n 
( a i , C , ) , - - - , ( a p , C ) 
((3uC),---,(Pq,C) 
—
 c q 
,1/C 
Ot\) ' • • , CXp 
A,••-,#, 
C > 0 , 
(1.4.7) 
1.5 Bessel Function and Hyper Bessel Function 
Bessel's equation of order n is 
where n is non-negative integer. The series solution of the equation (1.5.1) is 
Ux) = £ (-l)r(x/2)2r+" f^b rl T(n + r + 1) 
the series (1.5.2) converges for all x. 
(1.5.2) 
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In particular, 
J-i/2{z) = J—cosz and J\/2{z) — \l—sinz. (1.5.3) 
VVe call J„(.r) as Bessel function of first kind. The generating function for the 
Bessel function is given by 
exp 2 V t = E
 fnU*)- (1.5.4) 
Bessel function is connected with hypergeometric function by the relation 
J
»w = WTZJM 
r„2' 
.; i + n- 1.5.5) 
Bessel functions are of most frequent use in the theory of integral transform. For 
more discussion of the properties of Bessel function (please see, [94]). 
Modified Bessel's Function 
Bessel's modified equation is 
x 
,d2y dy 
+ x-f- - (xz + n2)y = 0, dx? dx ;i.5.6) 
the series solution of the equation (1.5.6) is 
Ux) = E (a/2) 2r+n. Z^ r! T(n + r + 1)' [1.5.7) 
where n is non negative integer. 
We call In(x) as modified Bessel function. The function In(x) is related to Jn(x) in 
much the same way that the hyperbolic function is related to trigonometric function, 
and we have 
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In(x) = CnJn(ix). 
The generalized Bessel functions (GBF) have been the topic of a recent study by 
the authors [13]. This research activity was stimulated by the number of problems in 
which this type of functions is an essential analytical tool and by their entrinsic math-
ematical importance. The GBF have many properties similar to those of conventional 
Bessel function (BF). 
As far as the application of GBF are concerned they frequently arise in physical 
problems of quantum electro dynamics and optics, the emission of electromagnetic ra-
diation, scattering of laser radiation from free or weekly bounded electrons ([12],[13]). 
Hyper Bessel Function 
The Hyper Bessel function Jm<n.{z) of order 2 is defined by (see Humbert [33] 
"m.,n\Z) 
(z/3)m+n 
T(m + 1) T(n + 1) 
and its generating function is defined by 
0^2 _; m + l ,n + 1; 1.5i 
exp -lx + y 
3 V XV, 
~ x
myn {z/3)m+n 
J L o r(m + 1) T(n + 1) ° 2 
—z 
_; m + l ,n + l; ( — 
(1.5.9) 
Modified Hyper Bessel Function 
The modified Hyper Bessel Function Im,n{z) of order 2 is defined by (Delerue 
[14]) 
•'j77.,n \Z) — 
(z/3) m+n 
T(m + 1) r(?7. + 1) 0-P2 _; m + l , n + l ; ( - (1.5.10) 
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and its generating function is defined by 
exp - [x + y + — 3 V XV, = E 
x
myn 0 /3) m+n 
„tloo r (m + 1) T(n + 1) 0^2 _; ?77.+ l ,n + l; l^-
: i .5 . i r 
The generating function of Hyper Bessel function Jmi...,7i„(z) of order n and its 
modified case Imi...mn(z) are given by 
exp In + 1 
xi + t- xn 
1 
x,i---xnJ \ 
— V^
 rm-i . . . m„ J I \ 
/ „ -''1 •*'«. <Jm1--mn\^Ji 
(1.5.12) 
J77.l"-TJl„ = — OO 
where 
r M - {z/n + 1)J=1 F 
_; m,! + l - - -m„ + 1; -
77,+ 1 
n+l 
(1.5.13) 
and 
exp 
z ( 1 
sH (- .T„, + Lra + 1 X i • • • X n ~ Z^ Xl ' ' ' Xn.n lm.i-mn{z) 
(1.5.14) "ii-mn=-oo 
where 
_ (z/n + !)*•» 
7774! • • • ?77,J 
.; 7774 + 1- ••m,n + 1; 
n + l 
7 1 + 1 
;i.5.i5) 
For ?7, = 1, these functions coincide with the Bessel function. 
1.6. Mittag-Leffler's Function and Related Functions 
The function 
a > 0 
fc=or(afc + l) :i.6.1) 
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was introduced by Mittag-Leffler ([56],[57]) and was investigated systematically by 
several other authors (for detail, see [18; Chapter XVIII]). Ea(z), for a > 0, furnishes 
important example of entire functions of any given finite order 1/a. 
We note that 
Ex{z) = ez, E2{z2) = cosh2, E1/2(z1/2 = 27r1/2e-2Erfc(-z1/2) (1.6.2) 
where erfc denotes the error function, defined by equation (1.1.15) 
Many of the most important properties of Ea(z) follow from the integral repre-
sentation 
where the path of integration C is a loop which starts and ends at — oo, and encircles 
the circular disc | t \<\ z |1//a in the positive sense i.e. — n < avgt < IT on c. The 
following Laplace transform of Ea(ta) was evaluated by Mittag-Leffler: 
/•OO 1 
/ e-fEa(taz) dt = (1.6.4) 
.10 Z — I 
where the region of conversion of integral (1.6.4) contains the unit circle and is 
bounded by the line Re(z1^a) = 1. Humbert [34] obtained a number of functional 
relations satisfied by Ea(z) with the help of integral (1.6.4). 
Feller conjectured and Pollard [64] showed that Ea(—x) is completely monotonic 
for x> 0 if 0 < a< 1. 
We have 
E0(-x) = (1 + x)-1 , Ex(-x) = e~x (1.6.5) 
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The function 
zk 
w
"
=SiW)'^> 0 (1'66) 
has properties very similiar to those of Mittag-Leffler's function. (See Wiman 
Agarwal [1] and Humbert and Agarwal [35]). 
We have 
EaA{z) =Ea{z), EltP{z) = - ^ r i F ^ l - . f r z ) 
and } (1.6.7) 
1 
where \Fi is the confluent hypergeometric function defined by (1.2.4). 
The integral representation of Ea<p(z) is given by 
where c is the same path as in (1.6.3). Similarly the Laplace transform of tP'1Ea{ta) 
can be obtained by means of integral 
/•OO 1 
/ e~HP-x Ea(taz)dt = (1.6.9) 
.10 1 — Z 
where the region of convergence of (1.6.9) is the same as that of (1.6.4). 
The functions Ea(z) and Ea:p(z) increase indefinitely as z —> oo in a certain 
sector of angle an, and approach zero as z —• oo outside of this sector. 
A function intimately connected with Eaip is the entire function 
oo
 zk 
<K°,f>.*)- g o , , r ( a t + g ) . <»,/»>0 (1.6.10) 
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which was used by Wright [96,97] in the asymptotic theory of partitions. The asymp-
totic behaviour of cj)(z) as z -> oo was also investigated by Wright [98,99]. Here one 
can easily verify that 
Uz) = ( 0 " 0(1,1/ +1; -j\ (1.6.11) 
It shows that Wright's function may be regarded as a kind of generalized Bessel 
function Ju(z), defined by equation (1.6.2). 
<fi(z) can be represented by the integral 
1 /,0+ 
<j>{a,0;z) = —- / u-0 exp(u + zu-a) du, a > 0 (1.6.12) 
Z7TI ./-oo 
The methods developed here are shown to apply not only to Laguerre polyno-
mials and hypergeometric functions but also to such other special as Mittag-Lefner's 
function Ea, Ea$ and Wright's function (f>(a,@;z). 
1.7. The Classical Orthogonal Polynomials 
The hpergeometric representation of classical orthogonal polynomial such, as Ja-
cobi polynomial, Gagenbauer polynomial, Legendre polynomial, Hermite polynomial 
and Laguerre polynomial and their orthogonality properties, Rodrigues formula, re-
currence relation and the differential equation satisfied by them are given in detail in 
Szego, [93], Rainville [67], Lebedev [51], Carlson [11, Ch.7]. We mention few of them: 
Jacob! Polynomial 
The Jacobi Polynomials P^® (x) are defined by generating relation 
00 
Y, P^Wtn = [1 + 1/2(X + l)t]a[l + 1/2(.T - 1)*]' (1.7.1) 
n=0 
Re(a) > - 1 , Re(/?) > - 1 
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The Jacobi Polynomials have a number of finite series representation [67 p.255] 
one of them is given below: 
n [>n
 tQk\(n-k)\(l + a)k(l + a + P)n V 2 ) ' V ' ^ 
For P — a the Jacobi Polynomial P£'a(x) is known as nltraspherical polynomial 
which is connected with the Gegenbauer polynomial C^a\x) by the relation (2; p. 191] 
P(«> ( r ) = (i+«)»crn*) (173) 
For a — 0 = 0, equation (1.7.2) reduces to Legendre Polynomial Pn(x). 
Hermite Polynomial 
Hermite Polynomial are defined by means of generating relation 
oo .2 
e x p ( 2 ^ - t 2 ) = Y,Hn(x)- (1.7.4) 
n = 0 "'• 
valid for all finite x and t and we can easily obtained 
[n/2] f i x * , (Q \n-2k 
Associated Laguerre Polynomial 
The associated Laguerre Polynomial L^Q^(.T) are defined by means of generating 
relation. 
£ £$*>(*)*" = (1 - *)-(-H-D exp ( - £ L ) . (1.7.6) 
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For a = 0, the above equation (1.7.6) yield the generating function for simple 
Laguerre Polynomial Ln(x). 
A series representation of L^(x) for non negative integers n, is given by 
for a = 0, equation (1.7.7) gives the definition of Laguerre polynomial. 
Laguerre Polynomial L^(x) is also the limiting case of Jacobi Polynomial 
(1.7.7) 
^)-,^{^(l-j)} [1.7.8) 
Hypergeomert ic representations 
Some of the orthogonal polynomials and their connections with hypergeometric 
function used in our work are given below: 
Jacobi Polynomial 
P^\z) a + n 
n 
iFi 
-77., a + (3 + 77, + 1 
a + 1 
l - z (1.7.9) 
Gagenbauer Polynomial 
C!W = " ^ - V ' 
Legendre Polynomial 
Pn(z) = ptW(z) = 2Fi 
-n, 27 + 77, 
7 + 1/2 ; 
l - z [1.7.10) 
-77,, 77, + 1 ; 
l - z (1.7.11) 
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Pfc) 1 2 + 1 r ( i - / / ) \ z - i 
M/2 
2^1 
-n, n + 1 ; 
l - /i ; 
1 - 2 1.7.12) 
Hermi te Polynomial 
#„(*) = (2z)n2F0 -n 1 n 
.~2~'2~ ~ 2' 
[1-7.13) 
Laguerre Polynomial 
( H - a ) „ 
^ ( * ) 77,! i-Fi[-n; 1 + a; z] (1.7.14) 
Other familiar generalization (and unification) of the various polynomial are stud-
ied by Srivastava and Singhal [92], Srivastava and Joshi [83] Srivastava and Panda 
[89] Srivastava and Pathan [90] and Shahabuddin [71]. 
1.8. G e n e r a t i n g F u n c t i o n s a n d I n t e g r a l T r a n s f o r m s 
A generating function may be used to define a set of functions, to determine a 
differential recurrence relation or pure recurrence relation to evaluate certain integrals 
etc. We define a generating function for a set. of function {fn{x)} as follows [86; p.78-
Deflnition: Let G(x, t) be a function that can be expended in powers of t such that 
G(x,t) = X>«/n(x)i" (1.8.1) 
n=0 
where cn is a function of n, independent of x and t. Then G(x, t) is called a generating 
function of the set {fn(x)}. If the set of function {/„(x)} is also defined for negative 
integers n = 0, ±1 , ±2, • • •, the definition (1.8.1) may be extended in terms of the 
Laurent series expansion 
G(x,t) = £ cnfn(x,)tn (1.8.2) 
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where {c„} is independent of x and t. The above definition of generating function 
used earlier by Rainville [67, p. 129] and McBride [54, p.l] may be extended to include 
generating functions of several variables. 
Definition: Let G(xi • • • xk,t) be a function of (k + 1) variable, which has a formal 
expansion in powers of t such that 
oo 
G(xlr--,Xk,t) = Y,Cnfn(^---,Xk)tn (1.8.3) 
n=0 
where the sequence {cn} is independent of the variable Xi,---,xj. and t. Then 
we shall say that G(x.i, • • • ,xk,t) is multivariable generating function for the set 
{fn{xi, • • • ,xk)}^L0 corresponding to non-zero coefficient {c„}. 
Bilinear and Bilateral Generating Functions 
A multivariable generating function G(x\ • • -x^t) given by (1.8.3) is said to be 
multilateral generating function if 
fn(xi---xk) = giai(„)(x,i) • • • gkak{n)(xk) (1.8.4) 
where ctj(??,), j = 1,2 • • •, k are functions of n which are not necessarily equal. More-
over, if the functions occurring on the right hand side of (1.8.4) are equal the equation 
(1.8.3) are called multilinear generating function. 
In particular if 
CO 
G(x,y;t) = Y,cnfn{x)gn{y)tn (1.8.5) 
and the sets {/n(x)}£L0 and {gn(y)}^=0 are different the function G{x,y;t) is called 
bilateral generating function for the sets {fn(x)}%Lo or {gn(y)}%Lo-
If {fn(x)}^L0 and {gn(y)}%Lo a r e s a m e s e t °f functions then in that case we say 
that G(x,y;t) is bilinear generating function for the set {fn(x)}%L0 or {gn{y)}^LQ-
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Example of Bilinear Generating Function 
v l - * ) Qexpl — 1 _ < I 0^1 
xyt 
.; 1 + a; 
( I - * ) 2 
Example of Bilateral Generating Function 
^ 77,! L^jx) L*(y)fn 
(1.8.6) 
(1 _ i)-i-c-«
 ( 1 _ t + yt-c) exp ( ^ ) ^ xyt c; 1 + a; 
l - * ) ( l - * + j/*). 
= E 2^1 [-n,c; 1 + a; y] 4 a , ( * ) *B (1-8-7) 
Integral Transforms 
Integral transforms play an important role in various fields of physics. The 
method of solution of problems arising in physics lie at the heart of the use of in-
tegral transform. 
Let f(t) be a real or complex valued function of real variable t, defined on interval 
a < t < b, which belongs to a certain specified class of functions and let F(p, t) be a 
definite function of p and t, where p is a complex quantity, whose domain is prescribed, 
then the integral equation 
#/(*);P] = I'"F(p,t)f(t) dt (1.8.8) 
•la 
where the class of functions to which f(t) belongs and the domain of p are so prescribed 
that the integral on the right exists. 
F(p, t) is called the kernel of the transform (j>[f(t),p], if we can define an integral 
equation 
/(*) = [dF(t)${f(t),P}dp (1.8.9) 
•lc 
then (1.8.9) defines the inverse transform for (1.8.8). By given different values to 
the function F(p,t), different integral transforms are defined by various authors like 
Fourier, Laplace, Hankel and Mellin transforms et cetera. 
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Fourier Transform 
We call 
/•OO 
:F[/( .T); $ = (27T)-1/2 / f{x)e**dx (1.8.10) 
. ' — O O 
the Fourier transform of f(x) and regard x as complex variable. 
Laplace transform 
We call 
/•OO 
£[/(*)•> P] - J0 f(t)e-*dt (1.8.11) 
the Laplace transform of f(t) and regard p as complex variable. 
Hankel transform 
We call 
/•OO 
w„[/0; £] - / /(*) *./„(#) * (i.s.12) 
the Hankel transform of f(t) and regard £ as complex variable. 
Mellin transform 
We call 
/•OO 
M[f(x)- s] = / /(a:) .7;*-1 da; (1.8.13) 
the Mellin transform of f(x) and regard s as complex variable. 
The most complete set of integral transforms are given in Erdelyi et al. [19,20] 
Ditkin and Prudnikov [15] and Prudnikov et al. [65,61]. 
Other integral transforms have been developed for various purposes and they 
have limited use in our work so their properties and application are not mentioned in 
detail here. 
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A SET OF PRESENTATIONS OF VOIGT 
FUNCTIONS AND THEIR UNIFICATION 
2.0. Introduction 
This chapter provides us some unifications and representations of Voigt functions 
K(x,y) and L(x,y) which play an important role in several diverse field of physics 
such as astrophysical spectroscopy, emission, absorption and transfer of radiation in 
heated atmosphere and theory of neutron reactions. We have derived several repre-
sentations of these functions in terms of series and integrals which are specially useful 
in situations where the parameter and variables take on particular values. 
Furthermore, the function 
K(x, y) + iL(x, y) 
is except for a numerical factor, identical to the so-called 'Plasma dispersion function' 
which is tabulated by Fried and Conte [27] and Fettis et al. [25]. 
In many given physical problems, a numerical and analytical evaluation of Voigt 
functions is required. For an excellent review of various mathematical properties and 
computational method concerning the Voigt functions see for example, Armstrongy 
and Nicholls [5] and John [31]. 
On the other hand, it is well known that Bessel function are closely associated 
with problems possessing circular or cylindrical symmetry for example, they arise 
in the theory of electromagnetism and in the study of free vibration of a circular 
membrance [49]. 
Srivastava and Miller [87] established a link of Bessel functions with the general-
ized Voigt functions. In section 2.1, we are presenting previous result and unification 
of Voigt functions K(x,y) and L(x,y). Next section we derived a set of unified rep-
resentation of Voigt functions in terms of familiar special functions of mathematical 
physics. Some deduction from these representation are also considered in section 2.3. 
2.1 A Unification of K(x,y) and L(x,y) 
For the purpose of the present, study, we recall here the following representations 
due to Reiche [68]: 
r°° 1 
K(x,y) = -K'1/2 exp(-yt --t2) cos(xt) 
Jo 4 dt (2.1.1) 
and 
/-co J 
L(x,y) = TT~1/2 / exp(-yt---t2)sm(xt) dt 
Jo 4 
(-co < x < oo; y > 0) 
so that 
(•CO J_ 
K(x, y) + iL{x, y) = TT 1 / 2 / exp[-(y - i.r)t - -t2) 
Jo 4 
= exp[(y — u:)2]{l — erf(y — ix)} 
(2.1.2) 
(2.1.3) 
#(a:,y) - iL(x,y) = TT 1 / 2 / exp[-(tj + i.r)* - - t 2 ) 
./o 4 
=
 exP[(2/ + ^-)2]{1 - erf(y + ix)}, (2.1.4) 
where an elementary integral [29; p.307 3.32(2)] is used. Since the error function (see 
Srivastava and Kashyap [85; p.17(71)]). 
1 3 
erf(z) = (2*/VSF)
 XFX ; -z L2' 2 
(2^ /v^ )exp( - 2 2 ) 1 F 1 i; „; ^ z < oo (2.1.5) 
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by Kummer's transformation for the confluent hypergeometric function \F\ (cf. Erdelyi 
et al. [16; p.253(7)]; see also Sri vast ava and Kashyap [85; p.24(7)]), substitution in 
(2.1.3) and (2.1.4) followed by separartion of real and imaginary parts will readily 
yield the corrected versions of the iFi representations for K(x,y) and L(x,y) due 
to Exton [22], as already observed by Katriel [45] and by Fettis [24]. It should be 
remarked in passing that, in view of (2.1.5), the coorected versions of Exton's iFi 
representations for the Voigt functions would follow directly from (2.1.1) and (2.1.2) 
by appealing to some known integral formulas Erdelyi et, al. [19; p. 15(16)]; p.74(27)]; 
see also Gradshteyn and Ryzhik [29; p.480 3.897(1) and (2)]). 
Srivastava and Miller [87] introduced and studied a unification (and generaliza-
tion) of the Voigt functions K(x, y) and L(x, y) in the form 
Vw{x,y) = [-xj IQ t»exp(-yt--t2)Jl/(xt)dt, (2.1.6) 
(x,ye R+; Re(fi + u) > - 1 ) 
K(x,y) = Vri/2,_i/2(.T,j/) and L(x,y) = V1/2A/2(x,y), (2.1.7) 
so that 
where the Bessel function Jv(z), of order u, is defined by (1.5.2) and (1.5.3). Making-
use of the series representation of Bessel function Jv(z) and expanding the exponen-
tial function exp(-yt), integrating the resluting (absolutely convergent) double series 
term-by-term, and thus obtain [87; p.113(10)] 
m%0 ™! n ! T(^ + 777 + 1) -(fi + v + 2m. + n + l) 
(x,y e R+; Re(//,+ u) > - 1 ) . (2.1.8) 
Now separate then ??,-series into its even and odd terms in doing so find that 
another result of Srivastava and Miller [87; p.H3(ll)] 
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r>M-l/2 r i /+l/2 
T{v+l) -(//. + v + l) 1>5 
-(//, + ^ + 1); I/+-1, - ; -x\y 2 ,,.2 
-2yr -(,,. + !/+ 2) ^, 
1 3 
- ( / i + i / + 2); " + 1 , 2 ' ' -**>V 
2 , , 2 (2.1.9) 
(a;, y € R+; Re(/x + 1/) > -1 ) 
where ^2 denotes one of the Humbert's confluent hypergeometric functions of two 
variables, defined by equation (1.3.9). 
For n — — v = \ equation (2.1.9) evidently reduces to the known representation 
Exton [22; p.L76(8)] 
K(x,y) = # 2 n i_ 
2 ' 2 ' 2 ' 
2 2 (2j//v^F)*2 -1 -^  " 2 2 1
' 2 ' 2 ; ~ a : ' ! / - . 
(2.1.10) 
while the special case // = v — | of equation (2.1.9) yields the following corrected 
version of another result due to Exton [22; p.L76(9)]: 
L(x,y) = (2x/V^)^2 1 " *• 2 2 1 ;
 2 ' 2 ; - * ' * ' . - 2xy$2 
o 0 O 2 2 
2 ' 2 ' 2 ' ~'T ' ^ . (2.1.11) 
In terms of Meijer's G-function (cf. Srivastava and Manocha [86; p.45(1)]) 
Uxt) \-t)VGZ \xW 
0, 
" 
— V 
1,0 
exp(-yt) = GQ\ yt = «-wd® h2t2 
o , | 
(2.1.12) 
(2.1.13) 
where a well-known duplication formula for the G-function (Srivastava and Manocha 
[86; p.47(8) with N = 2]) is employed. Substituting from (2.1.2) and (2.1.13) into 
(2.1.6) then 
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. i ^ H I / 2 ,.oo 
VM,„(.r,y) = T T - 1 / 2 } - * ; 
/•OO 1 
./o 4 
^0,2 V*2 
o, 
" 
— 1 / 
r<2,o 
^0,2 ly2*2 
° .5 
dt. (2.1.14) 
Setting t, — 2y/jl, in (2.1.14) and evaluating the resulting integral as G-function of 
two variables by appealing to the Mellin-Barnes contour integral representing each of 
the G-functions involved (cf. Srivastava and Kashyap [85; p.37(1); see also Srivastava 
et.al [82; p.7(1.2.3) et seq.]), thus obtain a representation [87; p.H4(18)] 
V^fry) = 2^1/27r-1/2x,+1/2Go;xa;o,2;o 
y 
Ul-H-v): 
: 0 , - i / ; 0 i (2.1.15) 
(x,y€R+; Re(// + i/) > - 1 ) . 
where a reasonably contracted notation for the multivariable G-function due to essen-
tially to Srivastava and Joshi [83]; (see also Srivastava and Panda [88; p.267(1.11)]) 
is employed. 
For fj, = — v — | and \i = v = \, equation (2.1.15) readily yields the representa-
tions (cf. Haubold and John [31; p.481]. 
K(x,y) = ^2Gffi;°:2; 
TIT ..\ _ -l/2<rrf), l : l ,0;2,0 X 
0 i -0 i 
u
' 2 ' > 2 
• i 0 -0 -
(2.1.16) 
(2.1.17) 
Rewriting each of the G-functions occuring in (2.1.16) and (2.1.17) as an H-
function of two variables (Srivastava et al. [82; p.82(6.1.1)] et seq.), in the form 
K(x,y) = *-WH°$&® x ; i , i ) 
: ( i , l ) , ( 0 , l ) ; ( 0 , 1 ) , ( U ) 
(2.1.18) 
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Tl \ -1 /2 rr0,l:l,0:2,0 
L{x,y) = 7T x/ H{fi:0[2.A2 
„,2 aa,D 
: ( U ) , ( 0 , 1 ) ; ( 0 , l ) , ( i l ) (2.1.19) 
which are essentially the corrected versions of the corresponding representations given 
by Buschman[8; p.25(3.1) and (3.2)]. In fact, as pointed out by Buschman [8; p.25(3.4)]. 
the ^-function representations (2.1.18) and (2.1.19) for the Voigt functions K(x,y) 
and L(x,y) are analytic in both varibales x and y provided that 
| arg(.r) | + | arg(y) |< -n 
The G-function representation (2.1.15) can be rewritten, in a strength forward 
manner, as an if-function representation for the generalized Voigt function V^,,(x, y), 
and thus Srivastava and Miller [87; p. 115(24)] gives a unification (and generalization) 
of the if-function representations (2.1.18) and (2.1.19). 
V^(x,y) = 2»-W«-War+WH°$™$ 
,2 X 
y2 
( I - I / z - I i / ; ! , ! ) : 
, Re(/i + u) > - 1 , (2.1.20) (0,l)(-*/,l) ;(0,1),( | ,1) 
in which the variable x and y are constrained, as also in (2.1.18) and (2.1.19). 
It may be of interest to observe here that the vast literature on the G and H-
functions of two variables (see Srivastava et al. [82]) can be appropriately used in 
order to derive many needed properties of the unified Voigt function V^u(x,y) and, 
in particular, of the Voigt functions K(x,y) and L(x,y). 
We now discuss some unified representations of the Voigt functions 
From the view point of integral operators the relations (2.1.1) and (2.1.2) can be 
regarded as special integral transforms of Mellin's type 
/ 'OO 
M[f(t),v) = / t^f(t)dt. 
•10 
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Thus Klusch [47] introduced the generalized Voigt functions of the first kind, and 
of the form 
K^[x,y,z] = 7T-1/2 / t?-1 exp{-yt - zt?} cosxtdt, (2.1.21) 
L^[x,y,z] = K~1/2 J t^expi-yt-zt2} sin xtdt, (2.1.22) 
(n,y,zeR+-, xeR) 
so that 
K(x,y) = Ktfay,^), L(x,y) = Lx{x,y,\). (2.1.23) 
Further the Bessel function Jv(z) of the first kind of order v is the defining 
oscillatory kernel of Hankel's integral transform 
(HJ)(x) = / f{t)Jv(xt) dt. Jo 
In view of these facts Klusch [47] now defined the generalized (or unified) Voigt 
function of second kind of the Hankel transform 
( j ; \ 1 /2 /-OO - J lQ t»exp{-yf,-zt2}Ju(xt)dt, (2.1.24) 
(x,y,z e R+; Re{v + v) > -1 ) , so that (cf. equation (2.1.21) and (2.1.22)) 
%,-i/2[x,y,z] = K^i[x,y,z], n^1/2[x,y,z] = L^x.y.z] (2.1.25) 
and (cf. equations (2.1.1) and (2.1.2)) 
K(x,y) = n1 A_1 / 2[ .r ,y,-], L(x,y) = fii/2,i/2fcy,-]. (2.1.26) 
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In the integrand of (2.1.24) now introduce Meijer's generalized hypergeometric 
G-function of one variable (cf. Mathai and Saxena [53]). We have 
exp{-yt} = rd,o yt = *-1/2Glj 
Ju(xt) = (±T*)"G£; 1,0 2 \xH2 
bft2 
(O.-i / 
(0 , | (2.1.27) 
The resulting integral (2.1.24) becomes by substituting t = (u/z 11/2 
1 X\U+2 Sl„[x,y,z) - ^ - 1 / 2 ( f j ' z - y ^ ^ i *4^-1)exp{-*} 
•10 
x
 ^ 0 , 2 
r 
42 
( 0 , - i z . 
^0,2 4.z 
- i 
( 0 , | -
dt (2.1.28) 
By means of the methods of Haubold and John [31] and Srivastava and Miller 
it is easy to obtain an evaluation of (2.1.28) in terms of the multivariable G-function 
(cf. Srivastava and Kashyap [85] et al. [82]). Klusch get a result [47; p.234(25)] 
fyi,«/[z,2/,*] 
1
 f^Y 2 _-l/2(Ai+i/+l)r.0,l:l,0;2,0 
2v^{2) " Gl,0:0,2;0,2 
Si 1(1 - I* - v) : 
:0 , - i / ;0 ,± 
(2.1.29) 
(x,yeR+; Re(//. + i /)> - 1 ) , 
where the contracted notation of the G-function is essentially due to Srivastava and 
Joshi [83]. 
The G-function representation (2.1.29) can be rewritten as a .^-function repre-
sentation (cf. Srivastava et, al. [83]). Hence Klusch get a another result [47; p.234(26)] 
32 
<w*.M-^(!ri*-i/*rt"" 
O-0,l:l,0;2,0 
-™l,0-.0,2;0,2 
x 
HI 
iz 
9 9A'' 9 ^ > '•1 *-) 
: ( 0 , 1 ) ( - M ) ; (0 , l ) ( i , l ) -
( . r ,y ,ze f l + ; Re(//, + !/) > - 1 ) . 
(2.1.30) 
The relation (2.1.29) and (2.1.30) are in fact unification (and generalizations) 
of the G- and ^-function representations established for the function Q,^v[x,y, \] = 
Vfj.^[x,y] by Srivastava and Miller [87]. For z = | , // — —v = | and //, = v = 
i , equations (2.1.29) and (2.1.30) reduce to the representations defined (2.1.16) to 
(2.1.19). 
Again the similar representations of unified Voigt functions, denoted by fiMi„[.7:, y, z] 
are given by Klusch [47] and Srivastava et.al [91]: 
, , / 2 \ m / 2 \ «• 
SlfliV[x,y,z] = —^ ^ • .J. S 
and 
2"+§ 
z-\(n+v+\)xv+l 
2^+§r(i/ +1) 
i 
, ^ l 0 n?,! n! T(^ + ra + 1)' 
(//, +1/ + 1) ^ 2 
|(/i + ^ + 2m + n + 1) 
(2.1.31) 
2 ( ^ ^ + 1 ) ; i / + 1 '2 ; 17'£ 
--ir V ^ L2 (/i +1 / + 2) ^ 2 
I ^ _ r 2 ?/2 
_(,i + , + 2 ) ; „ + 1 , | _ | _ 
(2.1.32) 
respectively. 
Equation (2.1.31) and (2.1.32) can be obtained from the results (2.1.9) with the 
help of relation [91; p.51] 
^,M = (2v^X,(5^). (2.1.33) 
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Taking into account the integral representation and explicit expression of unified 
(generalized) Voigt functions, we are presenting here some new representations of 
Voigt functions, in terms of Laguerre and Hermite polynomials. Some expansions 
follow from these representations of our results. 
2.2. Representations of V^u(x,y) 
We start with a know result [67; p.201 (2)] 
e V r ' 2 ^ ) = f f g ^ j . (2.2-1) 
where L^ denotes Laguerre polynomial of order v [67; p.200]. 
Now replacing 2y/i. by t and x by x2, respectively multiply both the sides by 
tfi+£/ exp (—yt — j J and integrating with respect to t between the limits 0 and oo, we 
get 
(2.2.2) 
where the integral representation (2.1.6) is applied. 
Expand the exponential function exp(-yt) in terms of series and integrate 
V (r ,) - - ^ + 1 / 2 2 ^ f 4 * V ) y ("V2y)* 
xr 
2 „fo r (n + u + l) 2» ^ 0 m! 
- ( /x+i / + 2?r + m + 1) (2.2.3) 
Separating the m-series into its even and odd terms, we get 
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KA^ y) = .r^V2
 2 ^ - f, 4H(,.-2) , r l 
to T(n + u + 1) 2» r [2(//' + ^ + 1) + «. 
L2 ^ ' 2 ' 2 J ~ x / 2 ^ r [ 2 - ( / ' + ^ + 2) + i ^ i l ^ + iz + ^ + n ; ^ " . 
2' 2 
l 
(Re(/* + i / ) > - l ; a : > yeR+). (2.2. 
For „ _ - „
 = _ e q u a t i o n ( 2 2 4 ) y . e i d s ^^ r e p r e s e n f a t i o n rf ^ ^ 
V 2
 n=o r [n + IJ 2" ( V 27 * * ["' + o ' o > — I 2 ' 2 ' 2 
- V2j/ T(n + l)
 l/rl L + l ; 3. |^j J 
(2.2.5) 
J _ f (~l)nH2n(x) • , ^ r 
- ^ r ( n + l ) lF lL + l .3 .^ jJ 
(2.2.6) 
while ii =
 v=- equation (2.2.4) reduces tn tfc* 
2 V ^.^ reauces to the representation of £(x, y)-
- ^ r ( „ + | ) l F l f n + 3 3 ^ 
V 2/ [
 2 ' 2 ' 2 
= l « (-l)"^.^) r r 1 2 
2
 i s 2 ^ ^ 7 ^ 7 | j |r(n + i)lFl \n +1; 1. y 
(2.2.7) 
2' 2 
V 27 (_
 2 ' 2 ' 2 (2.2.8) 
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where Hn(x) denotes the Hermite polynomials (see [67; p.187]) and the relations 
H2k(x) = (-1)* 22* k\ 4-1 / 2 )(.r2) 
H2k+1(x) = (-l) fc 22fc+1 A,! 41 / 2 )(,:2) 
are used to get equation (2.2.6) and (2.2.8) respectively. 
With the help of relation (2.1.33), the following expression for £l^u(x, y, z) can 
be obtained from the results (2.2.3) and (2.2.4) respectively. 
z l ( / , + , + 1 ) r , / + 1 / 2 „ L(u) ( Q 
S V [ . r , y , z\ -
 2 i ( / x + 3 l / + 4 ) ]L r ( n + „ + !) 2" 
a=0 m! 
-( / / + i/ + l + 2n + m) (2.2.9) 
2-<H-,+l)/2 ^+1/2 « LM ( £ ) 
E 
2(^+3^+4)/2 ^ p ( n + l/+l) 2" r - ( / l + ^ + l)+?7, 
1*1 - ( / , + . + l ) + n ; - ; ^ 
2z r 
-(//, + ^ + 2) + n 
•iFi 
1/ „x 3 y2 
-(, + » + 2)
 + n ; - ; | (2.2.10) 
For i/ = T l /2 , equation (2.2.10) reduces to the following results: 
M+
 '
 l J
 ^ o 23 nI>. +1/2) n! I V 2 4 
1 * 1 
and 
.2 + 4 + n ; 2 ; 8 l . y/2z 
//. 3 
iFi 
/ ' _ 3 3 2/2 
2 + 4 + n " ' 2 ; 8 7 
. (2.2.11) 
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L^l/2[x,y,z] = - — ^ £ — . - , V 2 r ^ J r ( ^ + - + 77, 
, - ( f ^ 
2 ( f + T ) ^ o 23"+1 n]- T(n + 3/2) I V 2 4 
i ^ i 2 + 4 + ? ? " 2 ' 8 l r 2 4 + n 1*1 
//, 5 3 y2 
2 + 4 + n ; 2 ; 8 l 
(2.2.12) 
respectively. 
For /./, = 1/2 and z = 1/4, equation (2.2.11) and (2.2.12) reduce to the results 
(2.2.6) and (2.2.8) respectively. 
2.3. Expansions 
By means of the representation (2.1.32) of the generalized Voigt function, we can 
expand the left member of equation (2.2.10) in terms of sum of the series, we get 
r(c) -ih c j i ' + l , - ; 1 —x
2
 y2 
2' Az ' 8z V(e + 3 > * 1 1 3 -x
2
 y2 
C + 2 ; i y + 1 ' 2 ' ' 1 7 ' 8 l 
2-cE f0 (l + V)n 2 
1 ^ ! 
-iTic + n)^ 1 y
2 
c + n:-: — 
' 2 ' 8 * 
» v(c+n + \ 
'1z 
1 3 t/2 
c + 7i+ - ; - ; — 
2' 2' 82 (2.3.1) 
(Re(c) > 0, Re(z) > 0, x,y G # + ) , where c = -( / / + z/ + 1). 
-6 
Now replacing y by iy (i = v^T) in equation (2.3.1) and equating real and 
imaginary parts, and then adjusting the variables, we get 
ip2 c;^ + i , - ; - * , - ? / = Tc Y 7-
± 1 1 
LM(x 
7?.=0 + V)n 2" L^l C + ? ? ' ;2'T 
(2.3.2) 
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For y = 0, equation (2.3.2) reduces to a result 
1 J
 7 ^ 0 ( l + //)„2" 
(2.3.3) 
which can be obtained immediately from a well known result [67; p.202(3)] 
[i-ty^F! c\v + 1; -xt 1-t, 
= ~ (c)nL^(x) (2.3.4) 
by taking t = -. 
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GENERALIZATION OF VOIGT FUNCTIONS 
IN TERMS OF HYPER-BESSEL FUNCTION 
3.0 Introduction 
As an interesting extension of the previous work (for examples Exton [22], Katriel 
[45], Fettis [24], Sri vast ava and Miller [87] and Klusch [47] etc.), this chapter aims at 
presenting a set of new results on generalization (unification) of Voigt functions. 
Taking into account the integral representations (2.1.6) and (2.1.24), we are pre-
senting in Section 3.1 some new integrals involving Hyper-Bessel function. In fact, 
in this section we obtain a multiindices representations of unified Voigt functions, 
denoted by V^Ult...^n(x,y) in Srivastava and Miller notation and 0Pit/1,...^n\x,y, z) in 
Klusch notation. Obvously second is more general to first. 
In Section 3.2 a set of multiple series expansions (or generating functions) of the 
generalized (or unified) Voigt functions are also established by means of generating 
functions of Hyper-Bessel functions. 
In Section 3.3 we presenting a new unified study on multiindices representation 
of unified Voigt functions defined through generalized Lauricella function. Partly 
bilateral and partly unilateral representations of these functions are established in 
Section 3.4. Some special cases of these results are also considered in Section 3.5. 
3.1 Representation of 17^^ . . . ^ [cc, y, z] 
For convenience, a few conventions and notations of multiindices are recalled here 
[7; p.3]. 
Let (v)= {vx, • • •, un) e Rn and (fc)= (ku • • •, kn) € iV0n (n factors) where, kj e 
N0 = iV U {0}, j = {1, 2, • • •, ??,}. We have the following abbreviations: 
(kl) = hlhl-.-kJ, 
(r ( l / ) ) = ! > ! ) • • •!>„,) , 
Ax = A.TI, • • •, Xxn, Xe R, x G i?" 
A+l = Ai + 1, A2 + 1 • • •, A„. + 1 (n-parameters). 
In view of Integral (2.1.6), (2.1.24) and definition (1.5.13) we are now introducing 
(and studying) a further generalization of unified Voigt functions in the following form: 
( x \~5 r°° TT+j) /o ^ e x P ( ~ ^ ~~ zt2)J{v){xt) dt, 
(3.1.1) 
(Re(/i + £ Vj)) > - 1 ; //., x, y, z e R+), 
where (v) = (i/i, • • •, un) £ Rn and J(v){z) = J^,-,^,.^) denotes the Hyper-Bessel 
functions of order n, defined by (1.5.13) 
so that 
n^_h)[x,y,z] = K^[x,y,z] ) 
^ , ( | ) K M = L^[x,y,z) J • • j 
whe r e(v) = ( T i ) = ( T i T i , . . . | T I ) € i 2 - . 
For 2 = - , integral (3.1.1) is defined as 
y^)[x,y] = VlhVl,..>Vn[x,y]= ( ^ y ) 2 / J V e x p ^ - V ) J{v)(xt) dt (3.1.3) 
so that 
V i , H ) ( * , y ) = Ki+„(x,y)) 
vm(*,y) = L1+1(*,V) | ( 3-L 4 ) 
and 
ty*,(v) [*>*/, 7] = ^, ( v )[.r ,7/]. (3.1.5) 
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It is not difficult to observe that when n = 1 
v^[xM = vi*Ax>y] 
(3.1.6) 
and 
^ + f [*, V, A 
Lp+*[x,y,z] 
K\l+i[x,y,z] 
Lll+i[x,y,z] 
Ki
 + «[x,y] = K[x,y], Li + n[x,y] = L[x,y). 
(3.1.7) 
(3.1.8) 
Making use of the definition (1.5.13) of Hyper-Bessel functions and expanding 
the exponential function in (3.1.1), we can integrate the resulting double series term-
bv-term, and we thus obtain 
^,(v)[x,y,z] = z
 j=1
 ( x \%+2^uj 
fc£l0 *!ro!(r(v + k + l)) 
2 1/7+1 
k f=y\'" r 
3=1 
\L + Y,l,3 + (H + l)k + m+ l 
3=1 
where (Re(/y, + £ Vj) > - 1 ; /*, x, y,ze R+, (v) e Rn k£ JV0". 
Now seperating the m-series into its even and odd terms, we get 
1.9) 
-fc+I>,-+l)/2
 n » f / x \n+l 
77. + 1 
- u+E^ + ^  + i^ + i 
i = i 
-4r //,+ ^ ^ - + (77,+ 1)^ + 2 
3=1 
vFx 
\F\ 
i ( , + E, ] + ( n + l ) * + l);i;|! 
3=1 
(3.1.10) 
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(Re(//+ ±
 Vj) > - 1 ; ti.,x,y,ze R+, («)<= Rn and (k)= (k,---,k) G iV0n). 
where
 1F1 denotes the confluent Hypergeometric function, defined by equation (1.2.4). 
For («) = ( - § ) and ( v ) = ( | ) , equation (3.1.9) and (3.1.10) reduce to multidimen-
sional presentation of generalized Voigt functions K^[x, y, z] and L^[x, y, z) of Klusch 
[47] in the following form (cf. equation (2.1.25)) 
•x \ n + 1 \ k ( - y \ m 
K^+R[x,y,z] = 2 ^-" fc!m!(r(k+|)) 
r -(ji-^ + (n+l)k + m + l 
z 
-fr- f+l)/2 oo {- (j^^Yj 
£ 
!r 
2 to *'-(r(k + i)) 
LK"-5 + (n + 1)fc + 1 
(3.i.n; 
^
 li(^ = + (n+l)fc + 2 - 4 r 
;i(,.2+(„+i ) fc+i);i;g 
(3.1.12) 
and 
Lp+±[x,y,z] = 
-(^+f + l)/2 
2 
.T n oo 
f » ) n + 1 } k ( - y 
» + !>' i o A:!m!(r(k+|)) 
r - U + "- + (n + l)fc + m + 1 
-
(
^
+1) /2(^)>{-((^^)"+1} ; 
^ *!(r(k+§)) 
1 / "' / 
L2 V / / + 2 + ( ? ? ' + 1 ) + 1 1*1 
(3.1.13) 
5 ( „ + - + ( n + l ) f c + 1 ) ; - ; ^ 
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•JLr \(f' + ^ + (n+ l)k + 2 1*1 l ( , + » + ( n + 1 ) A ; + 2);|f-
(3.1.14) 
respectively, where fi,x,y, z € f?+ , (k)= (k, • • • ,k) G NQ. 
For ?7, = 1, equations (3.1.12) and (3.1.14) give the representations of K^+i[x,y, z] 
and L
 +i [x,y,z] as follows: 
K^[x,y,z] = —— £ ^ 
and 
fc=0 L 2 ( / / + 2 f c + 2 
1F1 iV' + ^  + SJ'rS 
1 /
 n , 3 
1 / „, 3 \ 3 tj2 (3.1.15) 
W ^ = i £fcTf()bT|) r 
1
 / n, 3 
L 2 ^ + 2^2 
1F1 
X i F i 
1
 /
 n l 3 \ 1 y2 
1
 f o, 5 \ 3 y2 
2 ^ + 2 ^ 2 ) ; 2 ; i I 
4=r 
2 ^ + 2 fc + 2 
(3.1.16) 
Equations (3.1.15) and (3.1.16) reduce to known representations of Klusch [47]. 
However, equation (3.1.9) and (3.1.10) reduce to known results Srivastava et al. [91], 
for (u)= v e R1. 
For z = - , equation (3.1.9) gives the series representations of integral (3.1.3), 
denoted by V^Uu...^ri(x,y) = VllM{x,y). 
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2.T 
n.+2 
71 + 1 
(-2y) f 
fc,m=0 A;!m!(r(v + k + l)) 
r /J- + S VJ + (n + l)k + m + l 
i = i 
(3.1.17) 
H-EK* / x \§+E"> ~ i ~ ( ^ j 
=
2
 '
=
* ' — ) J- Td 
r 
- 2 y r 
n + 
^ U + X > + (n + l)fc + 2 
2
 V i=i 
n.+l 
1^1 
^fc!(r(v + k + i)) 
1 /
/ 1 + f;I/i + (n + l)A: + 2 j ; | i / 2 
(3.1.18) 
(//, .r, T, G R+, (v)= (uu •••,un)e Rn, Re(//, + £ ^ ) > - 1 . 
For (u)— v € -R1, equation (3.1.18) reduces to known representations of Srivas-
tava and Miller [87]. 
When fj, = - and (i/)=( ^ - j , equation (3.1.18) gives the multiindices represen-
tation of Voigt functions K(x,y) and L(x,y), respectively, denoted by [cf. Equation 
(3.1.4)] 
(jx_Y+l 
^ ( ^ - ^ • g i f e r c r c k T T ) ) 
+ (n + l)k)-^f 
1 /3 ??-
l/*i 
i/*i 
rl 
-
[2 
rl 
-
L2 
(% 
- -
V2 
(^ 
- -
V2 
77 
2 
77 
2 
2 V2 2 
2yr 
+ (77, + l)k 
1 / 5 77 . 
L 2 - ( 2 - 2 + ( ? 7 + 1 ^ 
+ (77,+ l ) A : ) ; - ; ^ (3.1.19) 
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and 
i , n . / X n oo 
~
2 +
 * \n+lJ tfn k\ 
" 1 / 3 77. , . . . \ 1 
\n+l) 
71+1 
*=o - ( r(k + D) r 
- ( - + - + (n + l)fc 2 \2 2 v 
2l2 + 2 + ^ + 1 ^ J ; 2 ^ 2 
1
 ^
5
 »' / , M \ 3
 2 
2?/r 
1 / 5 n . 
- ( - + - + ( n + l)fc 
2 V2 2 V ; 
(3.1.20) 
(x,yeR+, (k)=(k,---,k)eNS) 
For ?7, = 1, equation (3.1.19) and (3.1.20) reduce to known results (2.1.10) and 
(2.1.11) of Exton [22]. 
Thus we can obtain integral representations of generalized Voigt functions of first 
kind in the following form [cf. Equation (3.1.2)] 
/ 'OO 
K^ [x, y, z] = (TT)-"/2 / iT$ exp(-y* - zt2)
 0Fn 
' V 2 ; ' V?7,+ l 
xt 71+1' dt 
L ^ [x, y, z] = (TT)- / 2 (-2L) I
 t ^ exp(-yt-zt2) 0Fn 
n+lj Jo - ' \ 2 / ' 
(3.1.21) 
xt ^n+l 
n+ 1 
(3.1.22) 
dt 
(li,y,zeR+, xeR), 
From equations (3.1.21) and (3.1.22) we obtain a unified representation of the 
'plasma dispersion function': 
i ^ + f [x, y, z] ± iL^+R [x, y, z] = (TT)""/2 j exp(-yt - zt2) {^"f 
0^77. 
Xt 
77,+ 1 
77.+1' 
(fi,y,zeR+, xeR), 
M 2 , " 
J.J. \ 71+1 
77, + 1 
dt. 
(3.1.23) 
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For z = - , //, = - , the above equations (3.1.21), (3.1.22) and (3.1.23) reduce to 
the following representations 
Ki+z[x,y] = (TT)-"/2 / t>-% exp -yt - -t 
1 s
 oFn 
xt 
n-f 1 
n+\ 
dt, 
(3.1.24) 
Li+a[.r,y] = (TT) ^.^T^M-*-^* x< n.+l" 77, + 1, 
(3.1.25) 
dt. 
and 
A^+f[.7:,y] ±zLi+t[.r,7/] = W " n / 2 ^ exp(-y* - ^ 2 ) {t*"* 
O-Fn 
-M
 2 ; . 
.rt 
77,+ 1 
n+1 
± I T t 2 + 2
 nR 
77,+ 1 O^n ' \ 2 y \n + l 
a;* n+l ' 
(3.1.26) 
(j/ G # + , .r G R and (a) = (a, a • • •, a) e R71 
Furthermore, we have 
cos z = o-^ i 
1 _ ^ 
" 2 ; 4 , sinz = o^i 2' 4 
(3.1.27) 
In view of the equation (3.1.27), we can obtain a set of known representations of 
Reiche [68], see also Srivastava and Miller [87] corresponding to equations (3.1.24), 
(3.1.25) and (3.1.26) for n = 1. 
3.2. Expansions and Generating Functions 
As we have seen that Hyper-Bessel function can be defined by means of generating 
function 
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1 oo 
exp[—J— {U1+U2 + - • -+Un-- )] = Y, UT • • • Un" Jmu-,mn(X) 
n + i
 U{Uj) »'i,-,"'n=0 
i=i 
oo 
= £ «r---«^^(m)(x), (3.2.1) 
m=—oo 
(m)= m,i • • •, m„) G iVg, (.T e R and each «j ^ 0 for i = 1, 2, • • •, ??,) 
where. Jmi,-,mn(x) = (^m)(-^ ) represents Hyper-Bessel functions of order m defined by 
(1.5.13) (Deleure [14]). 
Now replacing x by xt in equation (3.2.1), multiplying both sides by tfl exp(—yt — 
zt2) using integral transform [2; p.313(13)] and integral (3.1.1), and now integrating 
with respect to t between the limits 0 and 00, we thus obtain 
/ X \ nl2 /'°° X I n 
—T7 / t"lexp{-(y-——(u1 + --- + u n - - ))t-zt?}dt \n + l) Jo n + 1
 n ( u ^ 
0 0 
= Y, <1-.-u^^{m)\x,y,z)) (3.2.2) 
jn=—oo 
X 1 
(/x, y,z <E R+, x e R, y r -r(wi "l •"Un ~ ~ ) > ° a n d ( m ) = (mi) • • •) m«) e 
77 + 1
 Uuj 
iv-) 
where ^.(mjfo y, z] = fiM [x, y, z] is defined by the integral (3.1.1) 
With the help of integral transform [19; p.313(13)] 
l°°exp(-Px - ax2)xs~l dx = (2ays/2F(s) exp (^-) D.8\8(2a)-^2] (3.2.3) 
•'0 \ " a / 
(Re(a) > 0, Re(s) > 0), 
The left hand side of (3.2.2) can obtain easily 
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n + 1 
n/2 
(2^)-( 'x+1)/2r(//,+ l) exp 
n + 1 
M 
U\ + • • • + Un 
1 
D
-fa+i) 
/ 
.?: 
\y-
n + l 
1 
wj H h un 
n.(«i) 
\ 
=i J 7 J 
(2*) 
i=i / J 
-1/2 
> /&z 
(m)=—oo 
.T 
(3.2.4) 
(ui -1 h w„. (//,, x, y,z G i? + , Re(// + 1 ) > 0, Re(//, + £ ™<i) > - 1 , and j / • 
- ^ - ) > 0 ) . 
n UJ 
where D-V{z) denotes the parabolic cylinder function, defined by equation (3.2.4). 
For n = 1, equation (3.2.4) reduces to generating function for the generalized 
Voigt function fiMim[.T,?/,z]. 
x 
1/2 I U 2 
.^r {y - ! (« - i ) } x, 1. 2 y ( 2 z ) - ^ i ) / 2 r ( / l + 1 ) . e x p [ w _ ^ l I _ ^ ^ ] j 9 _ ( M + 1 ) [ { y _ _ ( w _ ± ) } ( 2 , ) - V 2 ] 
= 5Z "'"fyi.mfo?/.2]. (3.2.5) 
(//., .r,y,z £ i?+, Re(//, + 1) > 0, Re(//, + m) > - 1 , and u ^ 0). 
Similarly, we can obtain several expansions with the help of generating function 
(1.5.4) of Bessel function Jv(z). 
Now replacing x by xt in equation (1.5.4), multiplying both sides by i? exp(—qt — 
„,+2 t )Ju(pt), integrating with respect to t between the limits 0 and oo, and using the 
integral (2.1.24), we thus obtain 
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',n\\/2 oo 
%,u\p,qV-{«_1-w),r)=^J Y, J *lm-)(-qt-rt2)Jm(xt)Upt)dt (3.2.6) 
2-+§r(^ + l)
 m f ^ o o ^ ( 2 V ^ ) m l L2 
:(//, + v + m + 1) 
* 2
3 ) 
-(/,,
 + 1/ + m + l ) ; m + 1, * + ! , - ; - i r > i r ^ r 
M 4 3 ) i ( / , + , + W, + 2 ) ; m + l , , + l , | ^ ^ , ^ 
(// + v + m + 2) 
(3.2.7) 
(3^ 
where ^ 2 denotes of the confluent hypergeonietric functions of three variables, de-
fined by Humbert (1.3.17) for n = 3 
For x — 0 equation (3.2.7) reduces to known representation (Srivastava et al. [91; 
p.9(2.10)]) 
Expanding left hand member of equation (3.2.7), we have 
r (7i±Ji±IH,2 '/' + v + 1. . 1. -P2 («H-f(«"'-M)) : 
2' 4r ' 4r 
( ? + ! ( « - « ) ) „ //'< + ^ + 2 ih /x + ^ + 2, 3 , V ( 1 + | ( n ^ - W ) )
2 
2' 4r ' 4r 
= £ 
00
 u
m
x
m 
ml (2V?)' 
W/i + ^ + 1 + m U f //, + f + 1 + m 1 — x2 —p2 ; m +l,u+l, - ; 
' A ' 2' 4r 4? 
_ ^
 r ^ + ^ + 2 + m>| ^(3 ) fi, + u + 2 + m, „ 3 -.7:2 - p 2 <72 
2 2' 4r ' 4r ' 4r 
(3.2.8) 
For q = 0, equation (3.2.8) reduces to 
r(ih a , 1 — p2 ,T:2(1 — u2)2 ^v + h-z; 2' 4r ' 16? u< x{l-u2) fa + 1 2yjru 
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^ 2 
oo 
E 
Q + 1 3 - p 2 {x2{l-u2)2 
2' Ar ' 16ru2 
m! (2x/r)r 
r f —:— ] *2 a-\-m, 1 —x
2
 —p2 
—-—;m + 1,^ + 1, -; (3.2.9) 2' 4r ' 4r 
(a = (//,+!/+1), Re(a) > 0, u ^ 0, p,r G (i?+)) 
Obviously, equality of equation (3.2.8) holds for x = 0. 
3.3 Fur the r Representa t ion of £llx,Uir..^ri[x,y,z) 
For the purpose of the present study, we recall the definition of generalized Lau-
ricella function (see Srivastava and Daoust [80]). 
(fli; a'j, • • • o^'\P : (cj: 7 ^ ; • • •; {c{-\ 7,-r))i,pr ; 
F M [ Z I , . - - , ^ ] = FW 
?w M tW) 
-2-11 • ' • ) ^ V 
L&;/^ ••#><? ^ d i . ^ W ; - - - ; ^ . ^ ) ^ -
-I \-m.ra 
- n 
' fi (4")..J«I oo n \ a i ) m ia>. 
mi,-,mr=0 Tl fh.\ . . *=1 n ^ W 
J'=l 
J ,/;n,-7- ^ 
ni(^)rai^+...^^)fel[ni(4i;U 
—< (3-3.1) 
m,-! 
4° 
A detailed discussion of the conditions of convergence of the multiple series oc-
curing in (3.3.1) is given in another paper of Srivastava and Daoust [81]. 
We shall obtain the following explicit multiindices representation for the unified 
Voigt function defined by (3.1.1) 
ttn,(v)[x,y,z] 
2 fl{r(i+ !/,-)} 
X 
11 + 1 
E^'+"/2 
r -(/i + 5 > ; + i) 
J7(2) 
(K/i + E ^ + i ) ;^ 1 , ! ) : 
:{i + Vj,i)i,n ; ( U ) ; 
/ x \n+1 V± 
\(n+l)y/IJ .. ' 4z 
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-4=r 
z 
1 
i?(2) 
|(//. + E ^ + 2 ) ; ^ , l 
n + l ..2 
: ( l + Vj, i)i ,n ; ( | , i ) ; 
V(n-+1)^ / ' 4z 
(3.3.2) 
Re(// + £ ^ ) > - l ; (i,x,y,zeR+. (u)= (vu • • •, un) G fiV 
where .M2) is a special case of Srivastava-Daoust, function [KC; p.454] for ?* = 2. 
The above results can be easily proved by following a method similar to that 
applied by (cf. equations (3.1.9) and (3.1.10)) for obtaining explicit expression of the 
generalized Voigt functions 
For (u) = (—|) and (^)= f |J , equation (3.3.2) reduce to multidimensional pre-
sentations of generalized Voigt functions Kn[x,y,z] and L^[x,y,z) of Klusch [47] in 
the following form 
z - i ( A l - f + i ) f 
K!i+% F , y, A = — - — - — <r 
i?(2) 
2 W 2 
( | ( ^ - f + l ) ; ^ , l ) : 
' 1 . n 
• V 2 ' /!,«•> \ 2 ' ' ' 
V(n.+l)v/i/ ' 4z 
i?(2) 
|(/z - f + 2); =±i, l) : 
:
 ( 2 ' i ) i , " . ; ( 2 ' *) ; 
((n-
n+ l ^2 
i+lJv/zy ' 4z 
1 / "• 
^ - 2 + 2 ) 
(3.3.3) 
and 
Lti+*[x,y,z] = ' ' ' 
z-|(^+f+i) / _r 
i?(2) 
2-n+l^n/2 V n + 1 
i ( / , + f + l ) ; ^ i , l ) : _ _ 
r 
1 . ?7, 
2 ( " ' + 2 + 1 ) 
^2 ' -Ul ,n> V 2 ' / ' 
_ ( * ) n + 1 Ml 
' 4z 
1 / W 
, 2 < " + 2 + 2 ) 
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i?(2) 
(i(//+f + 2);^i , l ) : 
: (QI l ) l , n ; 1,2' "*•) ' 
, n+1 2 
.x \ jy~ 
(n+lyvW ' 4z 
(3.3.4) 
where fj,,x,y,z € R+. 
For ??, = 1, equation (3.3.3) and (3.3.4) reduce to known results of Srivastava, 
Pathan and Kamarujjama [91]. 
3.4. Partly Bilateral and Partly Unilateral Representation 
We start with a known result, due to Pathan and Yasmeen [63] in the following 
form: 
oo oo m, j-t T>t\ °° °° S  t 
6
 ' m = - o o / = m * '"'• -
(3.4.1) 
(where m* — max{0, —m}), replacing s —> su2, t —> fax2 and p —> ;;u2 and then mul-
tiplying both sides of (3.4.1) by (j^i) u^ exp(—yu - zu2)J„u...Un(xu), (z > 0) and 
integrating with respect to u from zero to infinity and using the integral representation 
(3.1.1), we thus obtain 
, m. / ,\l 
ttfi,(v)[x,y,w] = —n 
2 n {r(i + vM 
x \ E ^ ~ - (!) ' (f)' 
n + l 771.= — OO i = r m! /! 
i=l 
£ ( ( n + l ) ^ ] 
M=o n { ( l + ^)fc}A:!g! 
J ^ r, ( _, , , , (n + l)fc , gx P I a + m + / + -——L- + -
2*1 
- / , a + 777, + / + ^ ^ + 2 . 
2 ' 
m + 1 
2 
z (3.4.2) 
(Re(w) > 0 Re(a) > 0, ,/,, x, y,ze R+, (v)= (uu • • •, un) e -R") 
where w = (z - s - t + *j) and a = 1(//. + £ v{ + 1). 
Now separarting the (/-series into even and odd terms, we obtain 
.77?. / . \ I 
^ M ^ y . w ] = —n 
2n{r(l + :^)} V/? + 1 777.= —OO /=777.* m! /! 
^ ( 3 ) 
7 = 1 
(a + m + / ;2±i , l , i ; ;(-U) 
Vn+lv^J "
+ 1
 E 2 ! 
' 2 ' 4z 
1 
—5=r(a + m + i + -)F<3) 
-U) ; _ 
: (1 + */<, l)i,„ ;(m + l , l ) ; ( | , 1 ) ; 
(a + m + | ; S ± i , l , l ) '• 
: (1 + ^,, l)i,n ; 
(m + 1,1) ;(§,!) i 
\ 7> + l 2 
.T \ £ 21 
n + l - / z ' r ' iz 
(3.4.3) 
which is valid under the same conditions as mentioned by (3.4.2) where F^ is a 
special case of the Srivastva Daoust function [80, p.454] for r = 3. 
If we take (v) — (—5) and (v) = f | j in equation (3.4.3) we get (cf. equation 
(3.1.2)) 
—(c——\ 00 00 (£\ (L\ 
i?(3) 
( C - 2 + m + Z ; S ± l , l , l ) : ;(-U) 
- X r ( c _ 2 + m + Z + I ) F(3) 
/z 4 2 
: ( i l ) i , n ; (m+1,1) ;(±,1) ; 
( c - S + m + Z + i ; 2 ± i , l , l ) : 
"
+ 1
 E 2/! 
n+l^/zj > 2 ' 4z 
•' (51 i ) i , n ; 
(-U) ;— ; 
m + 1,1) ; ( | , i ) ; 
U+iv J^ 
77 + 1 9 
' 2 ' 4z (3.4.4) 
53 
and 
L
n+%[xiy>w] = 
H C + T ) i » " • / * • > ' , v 71. OO CO £ E^-M-ir m! /! 
i?(3) 
2/ 
2 - ( n + l ) ( 7 r ) n / 2 V 2 / ^ ^ ^ 
c + f + m + / ;2±i , l , l ) : ; ( - / , ! ) ; _ 
n c+- + m. + l 4 
f_x 
:(§,!)!,„ ; ( m + l , l ) ; ( U ) 
n+l i2 2C 
V« + lvW ' z' 4z 
1, 
- ^ r ( c + - + m + ? + ^ ) F ^ 
/ i 4 2 
H,i) 
( C + S + m + / + I ; 2 ± l > 1 > 1 ) • 
^ 2 ) •*• ) l , " ' 
(m + i , i ) ; ( U ) ; 
(n.+lv / i j 
n+l 2 21 
' 2 ' 42 
(3.4.5) 
where c = | ( / / + 1), respectively. 
For n — 1, equation (3.4.3), (3.4.4) and (3.4.5) are reduce to known results of 
Srivastava et al. [91]. 
When s — t = p/2 (3.4.3) gives the partly bilateral and partly unilateral repre-
sentation (3.3.2) of the multiindices unified Voigt functions. 
3 . 5 . A S e t o f E x p a n s i o n s 
On expanding the left member of (3.4.3) and using the representation (3.3.2), we 
obtain 
to~a { T(a)F^] 
( a ;= f i , l ) :. 
y i , r(a+-)FW 
w 2 
u, -r
 2 , 2 
: ( l + ^ , l ) i , „ ; ( i l ) : 
») = ; -
( ( « + ! ) • 
"+1 £ 
1)\A« ) ' 4ltl 
:i + ^ l ) i , n ;(§,!) : 
\n + 1 it 
' 4ui (n+l)V5 
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v rs»4 
K& " 
oo oo 
= Z 
(s)m (i 
?n=—oo /=?n* m! /! 
i?(3) 
(a + m + Z;2±i,l,l) : ;(-U) 
l. 
-4=I> + m+/+-)F (3) 
' 2 A 
(-U) 
: (1 + t/,;, 1)L„ ; (m + 1,1) ; (±,1) ; 
I. ™± 
2' 2 
(a + m + / + ^ ;2±i , l , l ) : 
#.&*** 
'/.... /" 
(i + J4, 
fir*, m T « 
1
 , "J. *• 
'4E.c^l'| 
\ n + l \ / ^ / ' 2 M 2 
1 
l)l,n. 5 
(m+1,1) ;(§,!) ; 
(n+lV?) 
71 + 1 2 
22 2 1 
' 2 ' 4z 
(3.5.1) 
(Re(tu)>0, R e ( a ) > 0 , x , y , z € i ? + ) 
where w = (z — s — ^ + ^ ) and a = |(//. + £ z/,: + 1) 
On setting y = 0, the relation (3.5.1) reduce to the following generating function 
t ^ Q i * „ 
(«'Sti) : 
V(n+l)vW 
n+1 
00 00 
n{r(i + )^}>"=-°°'=",•* 
(a + m + Z;2±i,l,l) : 
£ E ^ ^ + ^ + O 
m! I! 
i?(2) 
;(-U) 
: ( l + z/i,l)i,n ; (m + 1,1) ; 
x \ " ' + 1 2 
n+lv / i 
(3.5.2) 
(Re(w) > 0, Re(ct) > 0, .T, z e J ? + ) 
where p\['9 is the generalized hypergeometric function defined by [86; p.50(21)]. 
On setting vY = v-i = • • • = vn = 0 and x = 0 in (3.5.1), we obtain the following-
interesting relation: 
00 
w~c xl'i 1 V
2 
M); («.i);f-
2 4iy 
tu 
1 * 1 i°+>'&*£ 
, m / *\l 
oo oo (c + m + Z; 1,1) : ( - / , ! ) 
: ( m + l , l ) ; ( i , l ) ; 
--^=r(c + m + Z + £)F<2) 
(c + m + / + | ; 1,1) : ( - / , ! ) 
: (m+1 ,1 ) ;(§,!) ; 
2 2c 
4z 
(3.5.3) 
(Re(w)>0, Re(c)>0 , z,y e RA 
where c = | ( / /+ 1) and
 ptyq is the generalized hypergeometric function defined by [86; 
p.50(21)]. 
For r?, = 1 € R1 equation (3.5.1) to (3.5.3) reduce to knwon results of Srivastava 
et al. [91]. 
56 

FURTHER GENERALIZATION OF UNIFIED 
VOIGT FUNCTIONS 
4.0 Introduction 
In this chapter we present a new generalized unified study of the analysis of Voigt 
function which is mainly based on the theory of the integral transforms. Thus we 
establish generalized unified representations of the Voigt functions involving classical 
functions of mathematical physics. If we use a more delicate integral tramsform 
analysis we solve completely for astrophysical applications very important problem 
of the asymptotic expansions of the Voigt functions for large values of the variable x 
and y, this chapter aim at presenting a set of new results on generalization of Voigt 
function. 
In Section 4.1, we are presenting a new unified study on multiindices represen-
tation of unified Voigt functions in term of parabolic cylinder function. Generating 
relations of o1'.'.'. 'g^'g^-n,^,-,un{x, V, z) are considered in Section 4.2. Some recurrence 
relations of the unified Voigt functions are also considered in Section 4.3. 
4.1 Represen ta t ion of/3i1>,.;.',/3"'/3 O M 
For the purpose of the present study, we recall the definition of parabolic cylinder 
function [19; p.386] 
j ^ e x p ( - ^ - ^ 2 ) ^ = ( 2 ^ ^ ^ (4.1.1) 
(Re(/ /)>0; y,zeR+) 
Making use of the definition (1.1.13) of Hyper-Bessel functions and integral (4.1.1) 
in equation (3.1.1) we can obtain 
n(r(i/, + i))fc=o n(( i+^) f c ! 
8 = 1 8 = 1 
y 
r(/'' + 5Z Vi + (n + ^ + ^ e x p ( s i ) D-'^+T. ui+{n+i)k+i) >2z 
(4.1.2) 
(Re(//, + Y, Vi + (n + l)k) > 0; .r,?/,zG i?+) 
For particular values (v) = (—|) and (v) = (|) equation (4.1.2) reduces to 
multidimensional presentation of generalized Voigt functions K^[x, y, z] and L^x, y, z] 
of Klusch [47] in the following form 
,
 1 exp(g) ^(-D f c{(^I^)"+ 1} f c 
( 2 z ) ' 2 fc=o Y[{T(k + ±))k\ 
i=l 
r(/v, - £ + TTTTA: + l )Z^_ f + 5 7 T T f c + 1 ) ( - | = ) (4.1.3) 
and 
VL ) , s
 B OO 
LM+t[.T,y^j - (22)1/2(M+f+1) \^l) 2L, 
rc+1 ^ k 
*=° Il(r(A: + |))A:! 
i= i 
T(/i + -^ + ITTTk + l)D_ ( H . ?+S T I f c + 1 ) ( - i L ) (4.1.4) 
respectively. 
(Re(/J, + n + Ik) > 0; x, y,z £ i?+) 
when 77, = 1, equation (4.1.2) to (4.1.4) reduce to know result of Klusch [47; p.235(29)] 
An interesting generating function of ^ i1)';.'.''^i'^JTn.ll...,mn(z) involving Mittag-Lefner's 
functions, due to Kamarujjama and Khursheed Alam [41] defined by 
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n E«* 
i=l 
where 
« l , - " ,an,a 
ZXj, 
77 .+ 1 
E, a,P 
("•+!) 
•''1 -'-7J / 3 ] , - A , / 3 m i ' " ' ' m ' ^ ' 
7 7 1 1 , • • • ,77).,,. = —CX> 
/3l,---,/3„,/3 ^Ani,"-,777.n(,2J 77, + 1 
fc=0 
:-i)fc(ter+1/ 
r(a1(m1 + fc) + A) • • • r(a„.(mn + k) + /?„.) r(afc + (3) 
provided that both sides of equation (4.1.5) exist 
So that, obviously, 
i , - , i , i 
\,— \\,l'*™-\,—,rn.n\z) ~~ Jmi,— ,mn\z) 
(4.1.5) 
(4.1.6) 
(4.1.7) 
where Hyper Bessel function Jmi,- ,mn{z) of order 77, is defined by equation (1.4.13) 
and the Mittag-Leffler's function Ea>p(z) (see Wiman [95]) defined by (1.6.6) 
In view of integral (3.1.1), we are now introducing (and studying) a further gen-
eralization of unified Voigt functions in the following form: 
ai,-,an,aQ / >  _ 
n / 2 
(4.1.8) 
(Re(// + £ ^ ) > - i ;
 fl,x,y,z&R+) 
Making use of the definition (4.1.6) of Hyper-Bessel functions and integral (4.1.1) 
in (4.1.8), we can obtain 
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/
 x £>,+n/2 oo / 1 \fc / x \ (n+l)k 
•
Q
"'
afi (r v z)- X ) V— l } l " + l ) 
fc=o n r(a7;(^: + A:) + &) T(ak + 0) 
?:=i 
(4.1.9) 
y 2 \ ^ / y 
(Re(//, + £ ^ + n + lfc + 1) > 0; x, y,z£ R+) 
(i) For ai = Pi = a = P —1, equation (4.1.9) reduces to equation (4.1.2) 
(ii) When n = 2, equation (4.1.9) reduces 
' . T N * I + » * + I ~ ( _ i ) f c ( | ) 3 f c 
—<"fi (r v z) - ^ ™ + i V I"1; 15J 
^ ^ W 2 i * ^ ^ - [3) jL T{aM + k) + Pl) T{aM + k) + P2)T{ak + p) 
. ( 2 z ) - iOH-^+^+3fc+ i ) r ( A i + ^ + U2 + 3k + 1 } e x p ^ D^+Vl+V2+zk+l) ( 
fc=0 
/2z, 
(4.1.10) 
For o.'i = a2 = Pi — /?2 = a = /? = 1, equation (4.1.10) reduces to result (4.1.2) 
for n = 2. 
(iii) For a,; = a = 2, # = /? = 1, equation (4.1.9) reduces to 
2
'- -
2
'
2o rr 7/ ^ - ' ^ v l j U n + p ; 
l , - - , l , l i V > ' / l , - " , t ' n k J ' 5 i / ) ' Z / / — n 2 - ^ 1 ~™ 
n(2^;)! fc=o n { ^ + l/2)fc(i/i + l) f c}(|) f c k\ 
1=1 1=1 
y ^
 n ( y ( 2 2 ) - ( , + E — i , + i ) r ( / t + E ^ + ^ + 1} exp ^ D_(^+^ik+l] ^ j 
(4.1.11) 
(Re(//, + £>< + riTTk + 1) > 0; x, y,ze R+) 
(iv) On setting a,; = a = 1/2, $ = /? = ! in (4.1.9), we get 
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T((J. + Y/^+ir+Tk + l)exp ( | - ) D_(H.El/i+STTfc+1) (^j , (4.1.12) 
which is valid under the same conditions as mentioned with (4.1.11). 
For (v)— (—|) and (v)— ( | ) , equation (4.1.9) reduce to multidimensional pre-
sentation of generalized Voigt function K^x, y, z) and L^x, y, z) of Klusch [47] in the 
following form (cf. equation (2.1.25)). 
a1;- ,a„.,a jy / „\ _ V^ V ' Vn+1/ \_J_ 
r ( / i _ £ + ( n + 1)fc + i) eXp (^ D_(„_f+(B+1)ifc+1) ( - | = ) (4.1.13) 
and 
(_l)fc ( ^ ) < n + 1 ) f c (2z)-5^+f+(n+i)fc+i) \ n oo 
? : : ^ W W ) = U T T £ 
fc-o n r ( a j ( * + I )+ft )r(afc + /3) 
1=1 
T(/i + | + (n + 1)* + 1) exp ( ^ D_ ( f l+ f+ (n+1) Jk+1) ( - | = ) (4.1.14) 
(Re(/i + £ ?;?; + (??, + l)fc + 1) > 0, x, y,z£R+). 
For z = | , equation (4.1.9) gives the D_„-representation of integral (4.1.8) de-
noted by £;:£?iW--^(^) = £;•••££W*.y). («) € #n and 
ai,-,a„,aT/ / N _ ln+l/ \ — V ' \ n + l J Vf ^ V ' / ' / 
2 2
 *=o nr(a,-(W i + fc) + A)r(aA: + ^) 
i=i 
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exp OL\ D^l+Ev,Mn+1)k+1)(V2y) (4.1.15) 
Re(// + £ vr + (n + l)k + 1) > 0, x, y, z G R+). 
For //, = \ and (v)= ( T | ) , equation (4.1.14) gives the multiindices representation 
of Voigt function K(x,y) and L(x,y) respectively, denoted by (cf. equation (3.1.4)). 
/9 ?;."X5%t(a:.i') = 2" i ( B"1 )E 
00
 ^ - l ) f c ( ^ ) ( B + 1 ) f e r ( ( n + l ) f e - i ( n - l ) ) 
fc=o n r M f c - D + ^ ^a fc + jf?) 
exp(22/2)JD_((„+1)fc_i(„_1))(y22/) (4.1.16) 
and 
/
 r \ (n+l)fc 
(_^)"' - {-If (^Jf r((n + 1)* - \{n - 3)) 
/3 i , - , /3„ , /3^ | + f l 7 ' ' ^ -
 0 I ( n + 3 ) Z_v n 2 4
 =^o nr(a,-(fc + ^) + A)r(aA: + /?) 
i= l 
exp(2y2)P_((n+1),_i(n_3))(v/22/) (4.1.17) 
For Oi = l3i = a = p = 1, equations (4.1.15),(4.1.16) and (4.1.17) reduce to 
known results (2.1.10) and (2.1.11) of Exton [22]. 
4.2. Generating Relation*of ^ ' . . . ^ ' ^ fi^,^,...,^ 
( x \n/2 
Now replacing z by xt in equation (4.1.5) and multiplying both sides by V1 
\n+lj 
exp(—yt—wt2) integrating with respect to t from zero to infinity, and using the integral 
representation (4.1.8), we thus obtain 
/2 oo (-i)^n(sP' ( ^ y 
77 + y
 fclI... ,jbB,*=o n r ( V ; + ft) r ( c ^ + P) 
i= i 
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exP (£) D^+Zkj+k+1) ( - J L ) = £ x?>. • •^g:;::;^n,,mi,.,mi>(3:, j/,« 
^ ' \ V / 777 . ] , - " , ? 7 ? „ = — OO 
(4.2.1) 
(aj, /?j, a, /5 > 0; Re(/t + £ fcf + fc + 1) > 0; x, y, w e R+) 
where D-\{z) denotes the parabolic cylinder function, defined by (4.1.1). 
For a'i = pi = a = p = l (i = 1, • • • , n) equation (4.2.1) reduce to know result of 
Kamarujjama et.al. [42; p.8(3.2)]. 
4.3 Recurrence Relations 
(i) 2ntyii„[a:,y,2] = xftlt+iin..i+xSlll+itn+1[x,y,z] 
CO OO OO 
(ii) Y^ fin,nl>.,2/,z] = ^(-l)n+1tt_n„hn+l[x,y, z]+Y^ttnAx,y, z] 
n= — 0O 77=0 77,=0 
/ 2 V" °° (—) ( — + -) (-x2)k 
(m) i u h » . 4 = M- (-) E
 (^ (^ ) t ' (1.7_vro;; t,"^^t».»• 4 
, . , , , / 2 N - - ' ~ ( l y ) ( S ? ) (_3 .y 
(iv) (ra+1) I ^ m,: j fiM,mi,... ,m„,[.r, iV, z]-nxQlx+ltm,1+l>... i771.n+1 [.?;, y, z] 
= .T [i t ;U4-i i777.I_ 1,777,2, — ,m„ [X, y, Z\ + • • • + s t / i+ i l mi,"- ,m„_i ,m. n —ll/* ' ) ?/> z\ 
For n = 2 relation (iv), reduce in the following recurrence relations 
3(w4 + ra2)f^ ,777-1 ,7D,2 [•'*'!?/) ^J 2x0,p+1,777.1 + 1 ,«'-2 + 1 P ' > 2/1 ^] 
= x [f2M+i,mi_iitn2[.r, y, z] + ftM+i,,„liTO2_i[3:, y, z\] 
Proof (i). A pure recurrence relation of Bessel function [67; p.111(1)] is defined by 
2nJn{u) = w[Jn_1(w) + J n + i H ] (4.3.1) 
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Replacing u> = xt in equation (4.3.1), multiplying both the sides by 
( | ) *"exp(-y*-;tf2), .(*>()), 
integrating with respect to t from zero to infinity, and using the integral representation 
(2.1.24), we thus obtain the relation (i). 
Proof (ii). Using a relation [67; p.113] defined by 
£ jn(u)tn = ^(-i)"+ 1^+i(w) r"_ 1+EJ"^) r ' (4-3-2) 
7),=—oo n,=0 7),=0 
The results (ii) can be easily proved by following a method similar to that applied 
in proof of result (i) 
Proof (iii). Using a relation [67; p. 112(4)] given below: 
J w + m ( w ) = Rm,„{<Jj)Ju(u) - flm-i.H-lM Jv-l(u) ( 4 . 3 .3 ) 
where i?m„(a>) is the Lommel polynomial defined by 
Rm
'
U(z) = H"^^^^ m m, 1 1 
-T'-T + 2 ; l / ' - m ' 1 - | / ~ m ; - ^ (4.3.4) 
expanding Rmjl/(u) in term of series and similar method to that applied in proof of 
result (i) can be obtain result (iii). 
Proof (iv). Hyper Bessel function Jm.u...,mn(z) of order n is defined by 
00
 ( i)k ( z \Sm<-+"+ifc 
Jmi>"'m*iz) = ^ f c ! r ( m 1 + fc+T)1---r(mB + ik + i) (43-5) 
differentiating with respect to z and multiplying both sides by z then we get 
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ZJ' (z) = V — r- (4.3.6) 
= £ » E 
fc! r(ma + A: + 1) • • • T(m„ + k + 1) A:=0 
, J ] m.i+n+lk. 
?:=1 fc=0
 fc! r ( m i + A: + 1) • • • r(m„. + A: + 1) 
{r[(k- 1)! r(mx + k + 1) • • • T(mn + k + 1) 
Put A: — 1 = s in the last factor then we get 
n oo i i)s ( z \ E " ' < + n + ( w + 1 ) s 
s! r (m! + 1 + s + 1) • • • T(w,n + 1 + 5 + 1) 
n 
2 JLu-,mn(z) = (J]m':)Jmi--.m"^) ~ 2:<7m1+i,...,m„+i(^ ) (4.3.7) 
t = l 
Next, equation (4.3.6) can be expliting in the manner 
- (-l)^(m1 + ^)(-^7)E m i + n + l f c 
_ T> (~\ _ V —-- M n + 1 7 _^  
m i
' ^ f c ! r ( m 1 + A, + l ) - . - r (m„ + fc + l) + 
^ A:! r (mi + fc + 1) • • • T(mn + k + 1) ^ fc! r(mj + k + 1) • • • T(mn + A: + 1) 
use the definition of Hyper-Bessel function of order n we arrive to following relation 
Z
 Jfru,- ,mn\Z) ~~ v , i [Jm\-\,m.2,-,m„\z) + ' ' - + J mi,- ,mn^,rn.n-l {%) — J m i + 1 , - ,m„. + l {z 
(4.3.8) 
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From equation (4.3.7) and (4.3.8) eliminating z J'ni... mn(z) then we obtain a pure 
recurrence relation 
n 
(n+l)(^mri)Jmi>...tmn(z)-nzJnn+lr..jnn+l(z) 
= z[Jmi-l,m2,~- ,mn\z) + ' " ' + Jrni, — ,»n.„_i, m„-l{z)\ (4 .O.J) 
First we replace z = xt in equation (4.3.9), further multiplying both sides by 
n/2 
ty- exp(—yt — zt2), (z > 0) integrating with respect to t from zero to 
infinity, and using the integral repesentation (3.1.1) we obtain the recurrence relation 
(iv). 
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MULTIINDICES AND MULTIVARIABLES 
PRESENTATIONS OF THE VOIGT 
FUNCTIONS 
5.0. Introduction 
In this chapter we are presenting Voigt functions denoted by K(x1: - • •, xn, y) and 
L{x\, • • •, xn, y) of multivariables and their unification. 
In Section 5.1, some integral representations (or expressions) of these functions 
are given in terms of familiar special functions of multivariable. Further represen-
tations and series expansions involving multidimensional classical polynomials (La-
guerre and Hermite) for mathematical physics are established in Section 5.2. In 
Section 5.3, we obtain several expansions with the help of generating function of 
Bessel function Ju(z). Further we are presenting multiindices unified Voigt function 
express in terms of multivaribale //-function in Section 5.4. In the last section we 
present fl^^^.^^xi, • • • ,£*., -zr— ,y, z] by mean of multiple generating relation in-
volving Bessel's function. 
5.1. Representation of ^ ^ . . . ^ [ c c i , • • -fxn,y,z] 
In view of the above facts, Pathan et al. [61] introduce and study the multivariable 
Voigt functions of the first kind, and of the form: 
K(xu • • -,xn,y] = (7t)~n/2 / tJ-'i exp(-yt - -*2) JKcos^* ) ) dt (5.1.1) 
4
 j = 1 
L{x,, • • -,xn,y] = (TT)-"'/2 lo P - ? exp(-yt - -t2) \{{sm{xjt)) dt (5.1.2) 
(y € R+ and x € R). 
Obviously 
K(xi, • • •, xn, y] ± iLfa, • • •, xn, y] 
/•oo , if " " ] 
= (7T)-" /2/ t ^ f e x p ( - ^ - - ^ 2 ) m c o s ( ^ ) ± l l s i n ( ^ ) d*- (5-L3) 
For n = 1 the above equations (5.1.1) to (5.1.3) reduces to the elementary inte-
grals (2.1.1) to (2.1.4). 
From the view point of the relation (2.1.6), Pathan et al. [61] define the general-
ized (unified) Voigt functions of multi-variables by means of integral 
i , . i . . .
 n 
v^,.,„n (*!,.-, Xn, 2/1 = (y )" • • • (f)51°° f" «P(-V* - -/) n (^ M ) <** 
(5.1.4) 
(y G R+; xlf - , . T n e i ? and Re(//, + £ i/,-) > -1) , 
. 3 = 1 
so that 
K[xu • • •, .?:„., y] = 14 _i?... _i [.Ti, • • •, xn, y], L\xu • • •, .<rn, y] = V i ^ . . . ^ , • • •, a;n, y\. 
(5.1.5) 
In view of Integral (5.1.4), we are now introducing (and studying) a unification 
(and generalization) of the Voigt functions in the following form 
^V(v)[x> y, A = fift,^,-,i/„bi, • • •, *n, y, *] 
iiV/2 
= n ( y j /0 *"eXp(-^-2*2)n{^M}^, (5.1.6) 
(^2/6 ^ + , -Ti, • • • ,xn £ R and Re(//+ £ r;,;) > - 1 , (v) - vx, • • • ,vn £ Rn), 
so that, obviously, 
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fy*,(v) [x,y,i] = ,^(v)[x,y] 
^ ) ( _ i ) [x , y, z] = A^+ f [x, I/, 2], ^ , ( i ) f x ' ^ z] = L^+i tx ' ?/' 21 . 
(5.1.7) 
We shall obtain the following explicit multidimensional representation for the unified 
Voigt functions defined by (5.1.6) 
nl(-Y+1/2( 
£W)[x,i/,*] = ^ V ^ l ^ / ^ E ^ i ) { r i ( , x + 5 : ^ + 1) 
2n{r(i + t;,;)} l l 
i = i 
$ ,n+l 
' 1 1 2 • 2 
2^ + I > + 1) ; 1 + «!,--., 1 + w„, -; - ^ , - - -, - ^ , I 
r ^ + X ^ + a ) ^ 1 1 3 x
2 
2(/7' + 2 ?;': + 2) ; X + W l ' ' ' ' ' l +t;»> 2' ~ S ' 
2 2 " 
< ST • 
' 4z '4z 
(5.1.8) 
(Re(// + £ Vi + 1) > 0 ; //,, y,z& R+ ; .ri • • • rrn € i?). 
where ?/4 denotes the confluent form of Lauricella function of n variables, defined 
[86; p.62(ll)]. 
The above results can be easily proved by following a method similar to that 
applied by Srivastava et.al [91] for obtaining explicit expression of the generalized 
Voigt functions [91; p.55(2.4)]. 
For (v) = ( - § ) and (v) = ( | j , equation (5.1.8) reduce to multidimensional 
presentation of generalized Voigt functions K^[x,y,z] and LM[.r,y, z] of Klusch [47] in 
the following form 
#/*+§ [x; V, A = 
z iO*-?+D r 1, n
 s 
^ ( , - 2 + 1 ) 2nn/2 
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$ 77.+1 
!,n+1 V2 
1, n ^ 1 
2 ( / t " 2 + 2 ) ; 2 ' 
11 J 
2 ' 2 ; 4 ^ ' ' -
1 3 _x$ 
' ' 2 ' 2 ; 4z' 
9 2 
4 ^ ' 4.Z 
2 2 
4z'4z 
V ^ - 5 + « 
(5.1.9) 
^ t + f [ x , ? / , ^ 
X1
 2-5("+i+1) f 1 
2 W 2 { r 2 ( / i + I + 1) 
^J+ 1 Lu + Oi + U. 1 ? U _^i ^ 
2 l / 2 ^ j ' 2 ' " ' 2 ' 2 ' 4z ' ' ' ' Az'Az -frfr+h* 
^ '
+ 1 
3 3 .x? 2 2 
2 ( / ' ' + 2 + } ; 2 ' ' ' 2 ' 2 ' 4z' ' 4z '4z 
(5.1.10) 
(//,, )/,zG i ? + , x u • • •, .r„, G i2,Xfe&i. • • • xn) G R+) 
For ?7, = 1, equation (5.1.9) and (5.1.10) reduce to know results of Srivastava et 
al. [91]. 
5.2. Fu r the r Representa t ion of £ln,Vx,-,vn[x~L'> • • • 
We start from the definition of multiindex Laguerre and Hermite Polynomials of 
?7, variables of order (v) G Rn and degree k € No ~ N \J {0}, is the function L^ (x), 
defined by means of generating function 
oo / l . h n - l / v v (A:!)"-1(xv) 
e'((xA)-)n/,<^)%5(r(k + v + 1)) itv)(x)*' 
or, equivalently 
(*!) | \ n - l e t ( ( x r v / 2 ) n ^ ^ ) = E ( r ( k + v + 1 ) ) L{:\x)tk (5.2.1] 
where for convenience, we have the following the abbreviations 
T,(v)) = r ( W l ) . . . r ( i ; n ) 
Ax = Xxi,---,\xn, XeR 
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(yjE Rn , o - l , x e Rn. Furthermore\kJ= (k, •••,&) e Rn, k € N0 and k! = (k\)n. 
On replacing 2\ft by t and Xj by xj, j = (1, 2, • • •, ??.), respectively in equation 
(5.2.1), multiplying both side by t1'' ^Vi exp(-yt - zt2) and now integrating with 
respect to t between the limits 0 to oo, we obtain 
^,(v)[x,y,2] 
r ( a + fe)iFx 
v + l / 2 (42 + l ) - a - (fc!)«-i L£(x2) 
2-2a+1 fcS(r(k + v + l)) (42 + 1)* 
« + &; «; 
1 y1 
2 42 + 1 (4z +1) 2 
a +.fc + 
1 3 y* 
T T 42 + 1 
(5.2.2) 
(Re(a) > 0, fj,,::,y,z € # + , x,(v) - (vu---,vn) € 
where a = |(/x + £>,; + 1) and iF\ denotes the confluent hypergeometric function 
defined [62; p. 123(1)]. 
For particular values (v) = ( - | ) and (v) = ( | ) , equation (5.2.2) reduces further 
new representation of generalized Voigt function K,j,[x,y,z} and L^[x,y,z} of Khisch 
[47] in the following form: 
U l 1 (4* + l)-*0*-*""* f (-l)fc#2fc(x) f 1 !i + 1 W M 
2-(/,-n/2) ^02fc!(v^)"'(42+l)fe I V2U ' 2 
1^1 
5<"-i+1>+*fi£i 
2s
 .r(i(,.- = + 2) + * 
^(42 + 1) 2 2 
| ( A — = +
 2 ) + * ; | ; ^ T (5.2.3) 
and 
r r 1 (4s + l)-*<"+g+1> f (-l)fcff2fc+1(x) f 1 , n , ,x , , , 
2-(^-n/2) A^0(2fc+l)!(V?)"(42+l)fc I V 2 
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i F j 2 ( " + 2 + 2 ) + fc;2;5TT (5.2.4) 
where Hk(x) denotes the Hermite polynomials of n-varriables (see [7; p. 175]) and the 
relations 
\kfOl.\\n-l 
L(-x/2 ) f 2 2 . . ,2 (-l)fc(2fc!y 
, l r ( l / 2 ) / 2 „2 
v l r U / ^ / T 2 „2 . . . „ 2 \ _ 
22nfc(fc!) 
;-l)fc[(2A, + l ) ! ] - 1 
—T~ -"2fc+l(Xj 2(2fc+l)77.^Q27J.-
(5.2.5) 
(± f ) ,xe iT , x 1 ^ n(*,:) 
*=i 
are used to get equation (5.2.3) and (5.2.4) respectively. 
For n = l ( x = a;6i?') ) equation (5.2.3) and (5.2.4) reduce to the known results 
of Kamarujjama and Singh [43] or (see also (2.2.11) and (2.2.12)), respectively. 
5.3. Generating Function of Laurent's Type 
A well known generating function of Bessel function Jm{z) defined as 
oo 
= YL Jm(u)pm, ( forp^O, and all finite .T). (5.3.1) exp 
u ( V 
2 \P"P, 
1/2 
Replacing u —>• ut and multiplying both side of (5.3.1) by n (if) ^ e x P(~ V^~ 
n 
zt ) n{Jvi(%it)} integrating with respect to t between the limits 0 to oo and using 
i = l 
the integral (5.1.6) we thus obtain 
11 W? 
nMv)[x,w,z] = 
n{(f)' 
2U{T(l + vi)} m,\ 
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r2
+2 1 x2 2 2 2 
x
2
 -u
2
 y2 m j. ./-] ^ TV _i m i ^ 
_„r(a+-+-) 
# + 2 
, ???, 1 . 3 .?;? 
(a + - + - ) ; 1 + vu • • •, 1 + vn, 1 + m, - ; - ^ 
? 2 2 
' 4z' 42 ' 42 
(5.3.2) 
where w = y + \{p~l - p) > 0, a = ±(//, + £ i>« + 1) > 0, p, y, z e R+, (v), x e i?n 
?.=i 
Expanding left hand member of equation (5.3.2) we have 
r(«M+1 a ; l + « i , -
- ^ r ( «
 + iwr' 
1 -x\ 
'
 + ? ;
" ' 2 ' 42 ' 
-X2 n 
' 42 
2" 
' 4 l 
1 3 —r2 —r2 to2 
/ p« y n 
= E ^ {r<a + >-« 
m.=—oo ^ 
i 2 9 9 91 
1 -x( -xi -u\y2 
+
 ' 2 ' 42 ' ' 42 ' 42 ' 4 2 
r2
+2 
a 
m 1. 
+
 T + 2 ) ; 1 + Vi,- •• ,1 + Vn 
3 
1 + m , -
' 42 
2 2 
1 - ^ n ~ W 
' ' 42 ' 42 
2
 y2 
' 4 2 
(5.3.3) 
which is valid under the same conditions as mentioned with (5.3.2). 
For n = 1 equation (5.3.2) and (5.3.3) are reduces to known results Kamarujjama 
et.al [42], 
On setting Vi = v2 = • • • = vn = 0 and x,\ = • • • = .r„ = 0 in (5.3.3), we obtain 
the following interesting relation 
r(c)
 xFi c ; 2 '42 - ^ r ( c + i)lfl 
1 3 w2 
c + - ; - ; — 
2 2 ' 42 
pu \ 
= E ™-|r(c+> 
m=—oo m! 
,2 „,2 777, 1 — n ?J' 
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y „ , m, 1, , m 1. , 3 —w2 w2 (5.3.4) 
w 1 
where w = y + - ( p * - p) > 0, c = -(//. + 1), Re(c) > 0, j / , ^ € i? + . 
For y = 0, the relation (5.3.3) reduce to the following generating function 
T(a)4n+1) 1 -x
1 
a; ! + *>!, • • • , ! + ? ; „ , - ; ' * 
-xl (UP~1~P) 
2' 4z ' ' 4z ' 4^ 
K P - 1 - ^ 
r(a + i)#^ 1 , 3 -x\ -a* [j{p-
l
-p)) 
- £ 
m,=—oo 
m\ 
TV i m \ /("•+!) 
^.2 2 2 
xi -uz m, —x-, —A, 
a +
 T ; l + t ; 1 | . . . | l + t ; „ l + m ; — , • • • , — , ^ 
(5.3.5) 
where a = | ( / i + £ t>i + 1), Re(a) > 0, p, z G i? + , ( i i , • • •, xn) e Rn 
Equation (5.3.5) is known result of Kamarujjama et.al [42] for n = 1. 
5.4. Represen ta t ion Cln^ir..^ri[x1,- > - ,xn,y, z) in Terms of H 
Funct ion 
Srivastava et al. [82] introduce and study the Bessel function [82; p.18(2.6.3)] 
and product of two Bessel functions [82; p.93(6.5.20)] in terms of ^-function in the 
following form: 
rt\a 
•-) Jv{xt) = H^ 
1,0 
2J.2 
xH 
( ^ , l ) , ( ^ , l ) . 
xt\< oo (5.4.1) 
and 
'xty (yt 
.~2J 
vt\b 
^-J JUl{xt)JU2{yt) 
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_ rrO,0:l,0;l,0 4 
y2t2 
(5.4.2) 
_ ••(sT>i),(s=F,i) ; ( ^ M ) , ( ^ , I ) 
In view of the above facts, we now define the product of n-Bessel functions in 
term of //"-function as follows 
UMT J*{x,t) 
2+2 
_ rrO,0: l ,0 ; - ; l ,0 
— ^0 ,0 :0 ,2 ; - ;0 ,2 
xit 
2+2 Xtt 
_
 : (si±^,l),(ai^a,i) ; - . . ; ( a ^ , l ) , ( s ^ , 1 
(5.4.3) 
For n = 1,2, equation (5.4.3) reduces to equation (5.4.1) and (5.4.2), respectively 
on setting a\ — a,i = • • • = an = | , in equation (5.4.3), we obtain the following relation 
n{(ff^<>) 
xjf 
_ T J - 0 , 0 : 1 , 0 ; - ; 1 , 0 H, 0,0:0,2;-;0,2 
2+2 Xlt n 
— ••(iifM),Ha,i) 
(5.4.4) 
{v\,v2,---,vn <E R+, xi,---,xn,z€R). 
If we make use the relation (5.4.4), and expand the exponential function 
1,0 
exp(-y*) = Hft yt 
(0,1) TV 
rr2,0 
-"0.2 
2+2 Xft 
(o,i)(U) 
(5.4.5) 
75 
in equation (5.1.6), we find that 
Q, ,(v)Lx,s/,2j = T*m 
1/2 
2 \ rj-2,0 t^M-^)H^ 
2/2 yH 
(o,D(U) 
r rO,0: l ,0 : - ; l ,0 
•"O.O-.O^-.-jO^ 
a;2*2 
x
2t2 
' 7). l + 2 n i \ A - 2 i / i 1 ; ( ^ - , i ) , ( ^ , i ) 
flfr 
(5.4.6) 
provided that the integral converge. 
•I jC\ 
Setting t = (-j°) in (5.4.6) and evaluating the resulting integral as a .^-function 
of (n + 1) variables by appealing to the Mellin-Barnes contour integral representing 
each of the ^-function involved (see [82; p.3(1.1.4)]; p.82(6.1.1) et seq.]), we shall 
finally get the following representation of our Voigt function in terms of multivariables 
H- function: 
2-1/2(^+53^+1) 
fiMl(v)[x,y,z] = 2 ^ 
r r0 , l : l ,0 ; - ; l ,0 ;2 ,0 
-"l ,0:0,2;-;0,2;0,2 
xi 
Az 
Az 
L Az 
( I ( l _ / i + 5»;l,...,l,l) : 
:H^,l),(^M) : 
• • • ; ( ^ , i ) , ( ^ , i ) ;(0,i)(|,i) 
Re(/i + £ Vi + 1) > - 1 , xu • • •, xn, y,zE R+, x, (v) £ Rn). 
(5.4.7) 
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For (v) = (=F | ) , in equation (5.4.7) reduces to the representation (see [87; p.115]) 
2 - l / 2 ( p i - a + i) 
^,+s[x,2/,2] = 
rr0,l:l,0;-;l,0;2,0 
•"1,0:0,2;-;0,2;0,2 
2v^ 
Az 
Az 
(|(1 - //.- f ) ; l , - - - , l , l ) 
= (0 , i ) ( i i ) ;• 
\ (5.4.8) 
and 
(0,1)(1,1) ; (0,1), ( 1 , 1 ) / ^ f <Dptf ^ 
^,+?[x,y,2] = 
,l/2(/i+f+l) 
\\v-A 7 , 1 
TJ-0,1-.1,0;-;1>0;2,0 
- " I . O ^ J - J O ^ I O ^ 
2 ^ 
r
 r 2 
Az 
•"n 
H 
Az 
':S^ ' &> 
( i ( l - / i . + S ) ; l , . . . , l , l ] 
: ( | ,0)(0,1) ; 
;|,o)(o,i) ;(o,i),(ii) 
(5.4.9) 
respectively. 
The K-function representations (5.4.8) and (5.4.9) for the Voigt function K^+R [X, y, z) 
and LMi+» [x, y, 2;]. are analytic in (??, + 1) variables .r1; • • •, xn and y provided that 
I axg(.Ti) I + I arg(.x2) | + • • • + | arg(.Tn) | + | arg(y) j< ~ 
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In a similar manner replacing 2y/t. by t and x,- by xf (i = 1, 2, • • •, n) respectively 
1 /9 
in equation (5.2.1), multiply both sides by ( ^ ) then left hand side reduces in terms 
of //"-function of ??,-variables in the following form: 
rrO,0:l,0;-;l,0 
-"0,0:0,2;-;0,2 
a\t 
xlt2 
^ J M 1 - 2 t / i 4 ' ^ , l ) , ( l - 2 t / n 1 4 ' X 
= e-'"'4 n 
xt\ " i+^ l £ (A:!) IV'-i 
+2fc 
( v ) / V 2 l * 
i & r(k +1/+1) k l ; 2 * (5.4.10) 
For particular values (v) = ( ~ | ) anQl (v) = (5)) equation (5.4.10) reduces 
further new representation of //"-function of n variables as follows 
rrO,0:l,0;-;l,0 
-
H0,0:0,2;--;0,2 
,2+2 %\t 
.2+2 
xH 
— e 
_ : ( 0 , l ) , ( f , l ) ; . - . ; ( 0 , l ) , ( i , l ) 
t0 (2fc!) (V^)"- 22fc (5.4.11) 
£7-0,0:1,0;—,1,0 
- " 0,0:0,2;-;0,2 
x\t2 
xlt2 
_ : ( i , l ) , ( 0 , l ) J , l ) , (0,1) 
= t
n
e~T " {-If H2k+l{x)t 
O n £—J 
2k 
2 V t o "(2"fc + !) ! (A)"" 22fc ; (5 '4 '12) 
which is valid under the same conditions as mentioned with (5.4.8) and (5.4.9), and 
Hk{X) denotes the Hermite polynomials of n-variables (see [7; p.175]) and define the 
equation (5.2.5) are used to get equation (5.4.11) and (5.4.12) respectively. 
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5.5. Represen ta t ion of fy^,«.,*„.A^I, • • • , xn, -^—, y, z] 
n (^ 
i=i 
For the purpose of the present study, we recall a multiple generating relation 
involving Bessel's function [41; p. 110(3.8)] defined by 
JxAtXl) • • • J*n(tXn)J\ 
t \ / t e i \ A l / t T „ \ A " / t x A 
Ylxi 2 
OO „ . 2 m . l 
E 
2Ur.i 
. . . T 2" ' - ( -* 2 )£ ' 
m . j • • • ) )?„ .=—oo 4 £ 77), i 
E^r K) 2\n+U-
m=0 [ I (F(m ? ; + fc + l ) r (A 7 ; + m* + // + l ) ) r ( A + k + 1) k\ 
t = l 
(5.5.1) 
Multipling both side by n ( f ) 1/2 
/ \ 
1/2 
Va,U*7 
^ exp(—y£ — zf;2) and integrating 
with respect to t between the limits zero to infinty, using the integral representation 
(5.1.6) we obtain 
1 
%M-x„.Axi,---,xn,——,y,z} = Yl n*.-- i = i 
/ \ A+V2 
.T,- \ A i + 2 1 
\ ?:=i / 
oo n /
 x?\mi 
z n 
m i " . m n = — o o ?'=1 
(4) n+lfc 
fc=o ft (r(m, ; + A: + 1) r(A,; + m,; + A: + 1) T(A + k + 1) r(A: + 1) 
i = i 
{2zri(«+Z^)T(a + £ A, + A + 1) exp ( g ) D_(a+E A,+A+1) (-JL-) (5.5.2) 
where a - (/x + 2 £ Afc + 2 ( n + l)fe); (Re(a + £ A,; + A) > - 1 , xx • • • xn eR,y,z£ R+) 
For A?; = A = q=| equation (5.5.2) reduces to Klusch K +1 (.r, i/, 2) and £ +1 (x, y, z) 
respectively 
. n.+ lfc 
1 0 0 n 
K^nH(xir--,xn,^,y,z)= Y, I I ( - T ) E ~ rw m i , • • • , ) « , „ . = — 0 0 i = l 
r . \ m » 0 0 
fc=o [] (r(m,- + A: + 1) 
?:=i 
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r(r»x + k + 2 
l _ ^ ( 2 ^ H ( a ^ ) r l a ~ 2 
n 
^)exp C ) D - («-f-4) 
.\/2< 
(5.5.3) 
and #,- 1 
2 11 \xi) mi--,»".n=-oo,;=i V 4 
, .2 \ "'•-• 
,^+Tfc 
& ft(r(* ., + A: + D r ^ + fc + D f ** 
- (22)-* ( a + s-4>ru
 + - + 
n 1 
2 + 2 
w(k)D-M+i){h, (5.5.4) 
where , a=( /* + 
2 £ m, + 2(n + D*0; (Re(«0 > ~X' Xl'"' *» e R> ^ z e # + ) 
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ON CERTAIN INTEGRAL TRANSFORMS 
6.0. Introduction 
In the previous chapters, we have seen a set of integrals involving Bessel function, 
a product of Bessel functions and hyper Bessel functions of several orders etc. in the 
presentation of Voigt functions and their unification or generalization. In this chapter, 
we present some integrals involving Whittaker function, Laguerre polynomial and 
product of Bessel functions. 
In Section 6.1, we establish two integral transforms associated with a Lauri-
cella functions of multivariables. A number of known and new integrals in terms of 
Srivastava F^\ Humbert confluent hypergeometric function ?/4 , Whittaker function 
W*,/*i.- ,M«(-ri>'-' > xn) and unified Voigt function V^1,...^n(xl, ••• , .?:„., y) are obtained 
as special cases in Section 6.2. 
6.1. Integral Transforms Associated with Lauricella Function 
Appell, P. and Kampe de Feriet, J. [3; p. 114] introduced the Lauricella function 
F^' or r variables defined and represented in the following manner. 
a : & ! ; • • • ;br 
F^] [a, 6i, • • • , br; cx, • • • , cr; zx, • • • ; zr] = F^fi 
i " r > 
• C i , 
, ,^. , 
( N + • • • + \zr\ < 1; Cj i ZQ\ j = 1, • • • ,r) 
Also the Bessel function of J„(z), of order v, is defined by equation (1.5.2) 
The object of this section is to obtain two results on well known Laplace transform 
defined by equation (1.8.11) 
The following integral transforms are to be established. 
Resul t -1 
n 
^ e x p ( - / 3 2 * 2 ) A f f c t m _ i ( z 2 t 2 ) n ^ ( ^ ) ; p ] = ~ 
-(//. + 2m + £ ^ + 1 ) 
i = l 
X 
n[r( l +^Oja^/'+D 
».=i 
pl:0;- ;0; l ;0 
0:1;-;1;1;1 
?(/'- + E ^ + 2 m + l ) : ;m 
: l + i/i;--- ; l .+ i/„; 2m ; | ; 4<r' ' 4CT ' a ' 4<r 
P 
-(/x + 2m + ^ ^ + 2) 
ril:0;-;0;l;0 
r O : l ; - ; l ; l ; l 
r
 ±(// + £ ^ : + 2m + 2): _ ; m - k;_; 
: l + i/i;--- ;l + un-2m ; f; 
4<7' ' 4<r ' o- ' 4<7 
(6.1.2) 
l*iI + •' • + 141 + \A + \P2\ < 1, R*(/' + 2m + Y. »i + 1) > 0, a = (/?2 + | ) > 0, //. 
is non-negative integer, 
Mk,m(x) = . r w + * e x p ( - | ) ^ - + m — &; 2m + 1; x (6.1.3) 
and iFi denotes confluent hypergeometric function (cf. [16; p.253(7)]). 
Proof of t h e Resul t (6.1.2) 
With the help of relation (1.5.2) and (6.1.3), expanding the exponential function 
exp(-pt) and integrating term by term, we get 
n / 
nf 
L[^exp( - /3 2 t 2 )M f c , m _ i (2 2 « 2 )n^ (^ ) ;p ] = - ^ 
\2^) { a 
; = i 2 11^(1 + 1/0]^ 
i=l 
£0m) 
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E n(^r (?)'(-*)'(»-*). r -(//, + 2m + Y^ Vi + 2 Y^ si + 2 r + l + !) 
S l l- ,sn,r,/=o fj [r(l + ^)Si. 5i!](2m)r r! /! 
(6.1.4) 
Now separate the /-series into its even and odd terms, and use the definition 
(6.1.1) to arrive at the main result (6.1.2). 
Result-2 
L t^M'^wr{^2)Y[U^y,p 
1=1 
—'n— i= r 
ki 2 n r ( i + Vi)^+l ^ 
1=1 
i ^ + ^  + i) 
Z - T 1 : 0 ; - ; 0 ; 1 ; 0 
|(// + £ ^ : + l ) : -k ;. 
: 1 '+vi;- •• ;1 + z/n;ra + 1; 
' 4(32 ' " ' ' 4/32 ' /3 2 ' A(32 
r 1(^ + 5 3 ^ + 2) X 
7-il:0;---;0;l;0 
- ^ 0 : l ; - ; l ; l ; l 
j(/i + E ^ + 2) : 5 7 
3. 
: l + i/i;--- ; l + i/„;m + l ;5 ; 
o o •> 
x- .x^  p^  
"i^2"' ,32' 4/J2 
(6.1.5) 
\x\\ + • • • + \x^\ + \x2\ + \p2\ < 1, Re(// + £ */,; + 1) > 0 and Laguerre polynomial 
4m)(.x) is defined by (1.7.14). 
The above result (6.1.5) can easily be proved in a similar way to that applied in 
Result-1. 
6.2 Special Cases 
When n = 2, equation (6.1.2) reduces to Lauricella function F^ of four variables 
given by 
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T.9 
L[^exp(-/?2t2)M f c>m_,(z^)J l ,1(,^)J„2(.r^);p] = J^ff ^ ^ 
2T(l + i/i)T(l + is2)<r 
r -(/x + 2 m + 1/1+ 1/2 + I) x 
pl:0;0;l;0 
^0:1:1:1:1 
(//, + 7/1 + U2 + 2777, + 1) : m - A:; 
: l + i / i ; l + 7/2;2?77, ; | ; 
4tr ' 4 a ' (J ' 4i7 
2' 
P 
r 2 
T-.1:0;0;1;0 
•^0:1:1:1:1 
(/i + 2?77, + 7/i + 7/2 + 2) 
|(/7, + i/x + z/2 + 2m, + 2) : .; ; T O - fc;_; 
: l + i/x;l + i/2;2m ;§ ; 
4(7 ' 4(7 ' (7 ' 4(7 
(6.2.1) 
kill-^l + k 2 | + \P2\ < 1. M ^ + 2m + T/! + u2 + 1) > 0, and a = (/32 + ^ ) > 0. 
When ??, = !, equation (6.1.2) reduces to 
2+2*. t^expi-pt-pH^M^^iizH^J^xt) dt = (v*) W 
j?(3) 
2r( i +1/)<75("+1) 
| ( / i + 2m + T/+ 1) •:: _ ; _ ; _ : m - k; ; _ ; 
r -(//, + 2m, + i/ + 
: : _ ; _ ; _ : 2m ; 1 + v\ \ 
z2 xL vL 
a ' 4<7' 4a 
2 ' 
•-£-r 
^ ( 3 ) 
:(//, + 2m + 7/ + 2) x 
i(/7, + 2w, + 7/ + 2) : : _ ; _ ; _ : m , - £ ; . 
: : _ ; _ ; _ : 2m ; 1 + u\ § 
a ' 4 a ' 4<7 (6.2.2) 
where F<3> is the Srivastava triple series [86; p.67(39)] defined by (1.3.15) and Re(//, 
v + 277?, + 1) > 0, a = [p2 + 4 ) > 0. 
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When v = 0, x = 0 since (Jo(0) = 1), equation (6.2.2) reduces to the following 
representation 
/ l L[^exP(-^)A4,m ._ |(^2);p] = ^ i y | r -(//. +2m+1) 
^ i 
1 1 22 p2 
-(//, + 2???, + 1), m - A;; 2m, - ; —, — 
2 2 <r 4(j 
P 
r 
cr 
-(// + 2m + 2) ^ 1, N 3 z
2
 p2 
- ( / / + 2m + 2 ) , m - A : ; 2 m , - ; - , ^ (6.2.3) 
where Re(/x + 2m + 1) > 0, <x = ((32 + y j > 0 and 0i denotes of the Humbert 's 
Confluent hypergeoemrtic function of two variables defined by equation (1.3.8). 
Next, p = 0, equation (6.2.3) reduces to a known result [19; p.215(11)] 
For p = 0 equation (6.1.2) reduces to Lauricella function of (n + 1) variables F^ 
defined by (6.1.1) 
^ e x p ( - / ^ 2 ) M A v n _ f ( z 2 * 2 ) n Uxit) dt = - ^ 
"• / \ Vi 
i=l 2 11^(1 + 1/0}^ 3 (/*+!) 
r 
r-.l:0;--;0;l 
^ 0 : 1 : - ; 1 ; 1 
•(// + 2m + £ V j + l) 
r l (// + £>,• + 2™ + 1) : ; m - A:; 
: 1 4- i^i; - • • ;l + vn;2m 
4 a ' ' 4CT ' cr 
-4=r 
(7 
-(// + 2m + ]Ti/ i + 2) x 
7T.1:0;-;0;1 
* 0 : l ; - ; i ; l 
£(// + ! > +2m+ 2): _; m — k ; 
: 1 4- v\\ • • • ; 1 + vn\ 2m 
.IX . . . _ 5 a . SI 
4cr' ' 4 c ' CT 
kil + • • • + l-<l + N2| < 1, Ml'- + 2m + £>i + 1) > 0, o- = ( ^ + ^ ) > 0. 
(6.2.4) 
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When x = 0, equation (6.1.5) reduces to 
L ^exp(-/?2*2)II^(^);p 
i = i 2n{r ( i+ . , )} r i r 
h,l + Y,Vi + i) 
n (// + ^ ^ ; + l);i/1 + l , - . - ,^ + l , - ; - ^ , - - - , - ^ , — 
i r ^(,i+;r>+2) 
^ 
,(n+l) 3 X 
-(// + £ % , + 2); i/x + 1, • • • , i/n + 1, - ; - - ^ 2 ' 4/?2: 
2 2 1 
'4/3^ /32 
, (6.2.5) 
where Re(//, + ]T) ui: + 1) > 0 and ^ denotes Humbert's confluent hypergeometric 
function of n variables defined by equation (1.3.17). 
Another representation of the left member of (6.2.5) using the equation (1.3.17) 
can be obtained as follows 
L t^M-pt^Ylj^x^p 
1=1 
fi{(»n
 E °° ( \i (~PY -(^ + 1 + ^ ^ + 1) 
4 n ) 
O O "1 N 
(6.2.6) 
Using the relation of Whittaker function of n-variables defined by (1.3.18), equa-
tion (6.2.6) reduces 
L ^exp(-^2*2)n^M;p 
1 = 1 
fl(*)' E (-P)1 
2I ]{ r (H^)} r 1 '=o 
i= l 
I(/7, + / + 5 > + l) 
M | ( -n+/ i+/+l ) ,^ , - ,^ ^ 4 ^ 2 ' ' ' ' 4^ 52 exp 
1 
8/?: •(«5+-+^: (6.2.7) 
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For p = 0, equation (6.2.7) reduces to as follows: 
H(J)"1 
t^expi-p^Ylj^x^dt 
i = i 2n{r(i + ^)}^ , + 1 
i = l 
r ^0'.+X> + 1 ) 
M | ( - ^ + l ) , ^ r ^ 1 7^ ?> ' ' • T^ ) exP ,r. 
o.2 1 
8/32 ^ + ••• + 4) -t<-,-f ^4^2' 4 / 5 2 
(Re (f(//, + E ^ ; + 1 ) ) > 0 ) , 
which reduces to a well known result of Watson [94] for n = 1. 
When ??, = 2, equation (6.1.5) reduces to the following result 
(6.2.8) 
L 
(l + m)fc ( § ) " ( § ) " 
k\ 2 r ( i + i/x)r(i + i/O/?^1 
i(/v, + ^ + i/2 + l ) : _ 
r 
r . l :0;0;l ;0 
•^0:1;1;1;1 
1 
2(/ / + l/i + 2^ + 1) 
: 1 + i/i;l + i/2;m,+ 1; | ; 
__5L 21 _E_ 
4/32 ' 4/?2 ' /32 ' 4/32 
Eil:0;0;l;0 
M) : l ; l ; l ; l 
(// + I/j + U2 + 2) X 
i(//, +
 Vl + V2 + 2): 
•.l + vl;l + v2;m + 1 ; | ; 
*1 _ *2 21 -E_ 
'4/32 ' 4 ^ ' / 3 2 ' 4 / 3 2 
' 2 ' (6.2.9) 
Re(/i + i/x + i/2 + 1) > 0 
When n = 1, equation (6.1.5) reduces to a known result [40; p.240(2.1)] in terms of 
Srivastava triple series F^ and a well known result [40; p.241(3.6)] can be obtained 
by taking n — 1, p = 0. 
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Taking x — 0 and f3 = (1/2) in equation (6.1.5) and multiplying both side by 
"' 1/2 
J | ( Y ) , it. reduces to a representation of multivariable unified Voigt functions ?:=i 
(Pathan et, al. [61]) 
f l t e ) ^ 
•'fi.i'l.--- ,i/„ ( .^li l - ^ ' n iP j „. i = l 
n r ( i + v,-)2 -^'1 
r ;(/'• +X> i + 1 > 
i = l 
V-: n+l) 
1 1 1 fl 
-(/.,, + ^ ^ + 1); i/i + 1 • • • , un + 1, - ; -xl ••• , -x2n,p2 -p{V -(//. + £ > i + 2) 
4" + 1 ) 1 3 11 2(^ + 5 3 ^ + 2); i/i + 1 • • • , i/n + 1, -; -.rf, • • • , -x2n,p2 | , 
(6.2.10) 
(Re(/i + ^ i / , ; + l ) > 0 p G i?+; .X! • • • .rn € f?) 
where ^4 denotes Humbert's confluent hyper geometric function of n variables defined 
by (1.3.17). 
For particular values (1/)= v% = (—•§) and(i^= i/* — (A) (i = 1,--- , n) respec-
tively, equation (6.2.10) reduce to the multidimensional presentation of Voigt func-
tions Ki/2+n/2(x,y) and Li/2+n/2(x,y) of Pathan et al. [61] (cf. equation (1.4)) 
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